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ABSTRACT 

In this paper we introduce and study the notion of plurisubhar- 
monic functions in cahbrated geometry. These functions general- 
ize the classical plurisubharmonic functions from complex geometry 
and enjoy many of their important properties. Moreover, they exist 
in abundance whereas the corresponding pluriharmonics are gener- 
ally quite scarce. A number of the results established in complex 
analysis via plurisubharmonic functions are extended to calibrated 
manifolds. This paper investigates, in depth, questions of: pseudo- 
convexity and cores, positive (^-currents, Duval-Sibony Duality, and 
boundaries of ^-submanifolds, all in the context of a general cali- 
brated manifold {X, (p) . Analogues of totally real submanifolds are 
used to construct enormous families of strictly (p-coiwex spaces with 
every topological type allowed by Morse Theory. Specific calibra- 
tions are used as examples throughout. Analogues of the Hodge 
Conjecture in calibrated geometry are considered. 



* Partially supported by the N.S.F. 
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0. Introduction. 

Calibrated geometries, as introduced in [HL3] , are geometries of distinguished subman- 
ifolds determined by a fixed, closed differential form on a riemannian manifold X. The 
basic example is that of a Kahlcr manifold (or more generally a symplectic manifold, with 
compatible complex structure) where the distinguished submanifolds are the holomorphic 
curves. However, there exist many other interesting geometries, each carrying a wealth of 
0-submanifolds, particularly on spaces with special holonomy. These have attracted par- 
ticular attention in recent years due to their appearance in generalized Donaldson theories 
and in modern versions of string theory in Physics. 

Unfortunately, analysis on these spaces {X, (p) has been difficult, in part because there 
is generally no reasonable analogue of the holomorphic functions and transformations which 
exist in the Kahler case. However, in complex analysis there are many important results 
which can be established using only the plurisubharmonic functions. It turns out that 
analogues of these functions exist in abundance on any calibrated manifold, and they 
enjoy almost all the pleasant properties of their cousins from complex analysis. The point 
of this paper is to introduce and study these functions. 

We begin by defining our notion of a ^-plurisubharmonic function on any calibrated 
manifold {X, (p). In the Kahler case they are exactly the classical plurisubharmonic func- 
tions. We then study the basic properties of these functions, and subsequently use them 
to establish a series of results in geometry and analysis on {X, cf)) . 

A fundamental result is that: 

Tiie restriction of a (f)-plurisubharmonic function to a (p-submanifold M is subharmonic 

in the induced metric on M. 

Any convex function on the riemannnian manifold X is 0-plurisubharmonic. More- 
over, at least locally, there exists an abundance of 0-plurisubharmonic functions which are 
not convex. 

The definition of 0-plurisubharmonicity extends to arbitrary distributions on X. For 
most calibrations - including all the "classical" ones - such distributions enjoy all the nice 
properties of generalized subharmonic functions such as being locally Lebesgue integrable 
and represented by an upper-semicontinuous function taking values in [—00, 00). In general 
the maximum F = max{/, (7} of two smooth ^-plurisubharmonic functions is again (p- 
plurisubharmonic and can be uniformly approximated by a decreasing sequence of smooth 
(/(-plurisubharmonic functions. 

To define 0-plurisubharmonic functions on a calibrated manifold {X, 0) we introduce 
a second order differential operator H'^ : C°°{X) £p{X), the (p-Hessian, given by 

H'^if) = A^(Hess/) 

where Hess/ is the riemannian hessian of / and A<^ : End(TX) hPT*X is the bundle 
map given by A^(A) = Da*{,(P) where Da* ■ APT*X — > hPT*X is the natural extension 
of A* : T*X T*X as a derivation. 

When the calibration (p is parallel there is a natural factorization 
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where d is the de Rham differential and d"^ : C°°{X) Sp-^{X) is given by 

d'^f = VfA<t>. 

In general these operators are related by the equation: Vf^ f = dd'^f — Vv/(0)- 

Recall that a calibration of degree p is a closed p-form with the property that 
(p{^) < 1 for all unit simple tangent p- vectors ^ on X. Those ^ for which 0(^) = 1 
are called 0-planes, and the set of 0-planes is denoted by G{(f)). With this understood, 
a function / G C°°{X) is defined to be 0-plurisubharmonic if 'H'^{f){^) > for all 
^ e G{(j)). It is strictly 0-plurisubharmonic at a point a; e X if 'H'^{f){C) > for all 
(/)-plancs ^ at x. In a similar fashion, / is called 0-pluriharmonic if 7i'^(/)(^) = for all 
^ e G{4>). Denote by VS'H{X, 0) the convex cone of 0-plurisubharmonic functions on X. 

When X is a complex manifold with a Kiihlcr form uj, one easily computes that 
d^ = d'^, the conjugate differential. In this case, H'^ = dd^ = dd'^ and the w-planes 
correspond to the complex lines in TX. Hence, the definitions above coincide with the 
classical notions of plurisubharmonic and pluriharmonic functions on X. 

With this said, we must remark that in many calibrated manifolds the 0-pluriharmonic 
functions are scarce. For the calibrations on manifolds with strict G2 or Spiny holonomy, for 
example, every pluriharmonic function is constant. For the Special Lagrangian calibration 
(j) = Kje{dz}, every 0-pluriharmonic function / defined locally in is of the form / = a+q 
where a is affine and q is the real part of a complex quadratic form (cf. [Fu].) Nevertheless, 
as we stated above, the 0-plurisubharmonic functions in any calibrated geometry are locally 
abundant. 

The fundamental property of the 0-Hessian: 

(^'^/) (C) = trace |Hess/| J for aU - planes C 

is established in Section 2 (Corollary 2.5). 

Beginning with Section 3 the 0-plurisubharmonic functions are used to study geometry 
and analysis on calibrated manifolds. The first concept to be addressed is the analogue of 
pseudoconvexity in complex geometry. 

Convexity. 

Let {X, (j)) be a calibrated manifold and K d X a, closed subset. By the 0-convex 
hull of K we mean the subset 

K = {xeX : f{x) < sup/ for aU / e VSn{X, 0)} 

K 

The manifold {X, 0) is said to be 0-convex if K CC X =^ K CC X for all 

Theorem 3.3. A calibrated manifold (X, 0) is (f)-convex if and only if it admits a 0- 
plurisubharmonic proper exhaustion function / : X ^ R. 

The manifold (X, 0) will be called strictly 0-convex if it admits an exhaustion 
function / which is strictly 0-plurisubharmonic, and it will be called strictly 0-convex 
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at infinity if / is strictly 0-plurisubharmonic outside of a compact subset. It is shown that 
in the second case, / can be assumed to be (^-plurisubharmonic everywhere. Analogues of 
Theorem 3.3 are established in each of these cases. 

Note that in complex geometry, (p-convex manifolds are Stein and manifolds which 
are 0-convex at infinity are strongly pseudoconvex. 

We next consider the core of X which is defined to be the set of points x E X with 
the property that no / e VST-C{X, cj)) is strictly 0-plurisubharmonic at x. The following 
results are established: 

1) Every compact 0-submanifold is contained in Core(X). In fact, every 9-closed 
(/)-positive current T is supported in the core. More generally, every (/)-positive current T 
is supported in supp((iT) U Core(X). (See [HL3] or §§5 and 6 below for a discussion of 
0-positive currents.) 

2) The manifold X is strictly 0-convex at infinity if and only if Core(X) is compact. 

3) The manifold X is strictly 0-convex if and only if Core(X) = 0. 

Examples of complete calibrated manifolds with compact cores are given in an ap- 
pendix to §3. A very general construction of strictly 0-convex manifolds is presented in 
§8. 

We next examine the analogues of pseudoconvex boundaries in calibrated geometry. 

Boundary Convexity. 

Let H C X be a domain with smooth boundary 90, and let p : X — > R be a 
defining function for 90, that is, a smooth function defined on a neighborhood of O 
with O = {x : p{x) < 0}, and Vp 7^ on 90. Then 90 is said to be (/)-convex if 

^^(p)(0 > for aU - planes ^ tangential to 90, (0.1) 

i.e., for all ^ G G(^) with span(^) C T{dVL). The boundary is strictly 0-convex if the 
inequality in (0.1) is strict everywhere on 90. These conditions are independent of the 
choice of defining function p. 

Theorem 4.5. Let O CC X be a compact domain with strictly (jy-convex boundary, and 
let 5 = —p where p is an arbitrary dehning function for 90. Then —logS : O ^ R 
is strictly (/)-plurisubharmonic outside a compact subset. In particular, the domain O is 
strictly (p-convex at infinity. 

Elementary examples show that the converse of this theorem does not hold in general. 

However, there is a weak partial converse. 

Proposition 4.8. Let O CC X be a compact domain with smooth boundary Suppose (p is 
parallel and consider the function 6 = dist(», 90). If —\og5 is strictly (p-plurisubharmonic 
near 90, then 90 is (p-convex. 

We note that boundary convexity can be interpreted geometrically as follows. Let 
// denote the second fundamental form of the hypersurface 90 oriented by the outward- 
pointing normal. Then 90 is 0-convex if and only if trace(//|^) < for all 0-planes ^ 
which are tangent to 90. 
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0-PosiTivE Currents. 



Our (/)-plurisubharmonic functions are intimately related to the study of (/)-positive 
currents introduced in [HL3] . We recall that a p-dimensional current T is called 0-positive 
if it is representable by integration and its generalized tangent p-vector 

^ e ConvexHuU(G((/))) ||r|| - a.e. 

where ||T|| denotes the total variation measure of T. Examples include </)-submanifolds and, 
more generally, rectifiable (/)-currents. By Almgren's Theorem [A] we know that rectifiable 
(^currents T with dT = are regular, that is, given by integration over (/)-submanifolds 
with positive integer multiplicities, outside a closed subset of Hausdorff dimension p — 2. 

0-Positive currents generalize the positive currents in complex geometry, and d-closed 
recitifiable 0-currents generalize positive holomorphic chains. 

Recall from above that if T is a 0-positive current (with compact support), then 

suppT C sup'p(dT) U Core(X). (0.2) 

In particular, if dT = 0, then suppT C Core(X), and if X is strictly </)-convex (Core(X) = 
0), then there exist no d-closed (^positive currents with compact support on X. 

In Section 5 we review the known facts concerning ^-positive currents. These in- 
clude compactness theorems, regularity theorems, mass-minimizing properties and dual 
characterizations. 

SUPERHARMONIC (/)-CuRRENTS. 

Assume for now that the calibration (p is parallel, and consider the adjoint of the 
operator dd'^ : S^{X) Vp{X) which can be written as 

d^d:V'^iX) V'.iX) 

where d : V'p{X) V'p_^{X) denotes the usual adjoint of d : £p-^{X) £p{X) and 
84, : V'p_^{X) — > V'oiX) is the adjoint of d^, defined by {d^R){f) = i?(d'^/). 

Positive currents T with the property: d^j^dT < 0, i.e., dcpdT is a non-positive measure, 
satisfy a version of (0.2) above. 

Lemma 6.2. Suppose T is a (p-positive current with compact support on X which satisEes 
d(i)dT < outside a compact subset K C X. Then 

suppT C KUCore(X). 

In particular, if d^dT <Q on X, then suppT C Core(X). 

Another consequence is the following. Suppose X is strictly (/)-convex. If T is (j!)- 
positive current with d^f^dT < on X — K, then suppT C K. In fact, it turns out that the 
points X & K can be characterized in terms of certain 0-positive currents T which satisfy 
d^dT =-[x\mX- K. 
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Duval - Sibony Duality. 



Points in the (/)-convex hull of a compact set K d X have a useful characterization in 
terms of 0-positive currents and certain Poisson- Jensen measures. The following results 
generalize work of Duval and Sibony in the complex case. They remain valid (as does 
Lemma 6.2 above) when is not parallel if the operator d^d is replaced with 7Y^. 

Let C X be a compact subset and x a point in X — K. By a Green's current 
for (X, x) we mean a (/)-positive current T which satisfies 

d^dT = ^i-[x\ (0.3) 

where is a probability measure with support on K and [x] denotes the Dirac measure at 
X. In this case ji is called a Poisson-Jensen measure for {K,x). By the remarks above 
we see that x & K. In fact we have the following. 

Theorem 6.8. Suppose (j) is parallel and X is strictly (f)-convex. Let K C X be a compact 
subset and x E X — K. Then there exists a Green's current for {K, x) if and only if x E K. 

We note that if M C X is a compact (/^-submanifold with boundary, and if Gx is the 
Greens function for the riemannian laplacian on M with singularity at a; e M — dM, then 
d(t,d{Gx[M]) = fj, — [x] for a probability measure /i on dM. 

As a application we obtain the following approximation result. A domain f2 C X is 
said to be 0-convex relative to X if K CC ^ Kx CC fi. 

Proposition 6.16. Suppose is parallel and X is strictly (j)-convex. An open subset ft C X 
is (f)-convex relative to X if and only if VSH{X, 0) is dense in VSH{0,, 0). 

0-Free Submanifolds and Srictly 0-Convex Subdomains. 

We next examine the analogues in calibrated geometry of the totally real submanifolds 
in complex analysis. Using them we show how to construct strictly </)-convex manifolds in 
enormous families with every topological type allowed by Morse theory. 

Let (X, (p) be any fixed calibrated manifold. A closed submanifold M C X is called 
(/)-free if there are no (/)-planes tangential to M, i.e., no ^ G G{4>) with span^ C TM. 

Note that M is automatically 0-free if it is isotropic, that is, if (/»|^ = 0. . 

Any submanifold of dimension < p is (/>-free. Furthermore, generic local submanifolds 
of dimension p are (p-free. In some geometries this also holds for certain dimensions > p. 

In a Kiihler geometry the cu-free submanifolds are exactly those which are totally real 
(the tangent spaces contain no complex lines). In Special Lagrangian geometry, the (p-free 
submanifolds include the complex submanifolds of all dimensions. 

Theorem 7.2. Suppose M is a closed submanifold of (X, (p) and let fmix) = dist(a;, M)^ 
denote the square of the distance to M. Then M is (p-free if and only if the function /m 
is strictly (p-plurisubharmonic at each point in M (and hence in a neighborhood of M). 

The existence of 0-free submanifolds insures the existence of many strictly 0-convex 
domains in (X, (p) . 
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Theorem 7.4. Suppose M is a (p-free submanifold of {X, 0). Then there exists a funda- 
mental neighborhood system T{M) of M such that: 

(a) M is a deformation retract of each U e T{M). 

(b) Each neighborhood U G JF(M) is strictly (f)-convex . 

(c) VSn{V, (j)) is dense in VSH{U, (/>) ifU dV and V,U e T{M). 

(d) Each compact set K C M is VSHiJJ, (fy-convex for each U e T{M). 

This result provides rich famihes of strictly convex domains. Note that neighborhoods 
U G T{M) include the sets {x : dist(x, M) < e{x)} for positive functions e G C°°(M) which 
die arbitrarily rapidly at infinity. As noted, any submanifold of dimension < p is 0-free. 
Furthermore, any submanifold of a (p-iree submanifold is again 4>-free. 

For example if X is a Calabi-Yau manifold with Special Lagrangian calibration 0, 
then any complex submanifold Y G X is 4>-fiee, as is any smooth submanifold A G Y. 
The topological type of such manifolds A can be quite complicated. 

This construction can be refined even further by replacing A G Y with an arbitrary 
closed subset. It turns out that the following two classes of subsets of {X, cf)): 

(1) Closed subsets A of (p-iree sub manifolds. 

(2) Zero sets of non-negative strictly (/)-plurisubharmonic functions /. 
are essentially the same. This is given in Propositions 7.7 and 7.8 One also has: 

Proposition 7.12. Let f be a non-negative, real analytic function on (X, (p) and consider 
the real analytic subvariety Z = {f = 0} . If f is strictly (p-plurisubharmonic at points of 
Z, then each stratum of Z is (p-free . 

The results above generalize work of Harvey- Wells [HWi^2] in the complex case. 

Boundaries of 0-Submanifolds. 

A very natural question in calibrated geometry is the following: Given a compact 
oriented submanifold F C X of dimension p — 1, when does there exist a (^-submanifold 
M with dM = F? A companion question is: Given a compactly supported current S of 
dimension p — 1 in X, when does there exist a ^-positive current T with dT = F? For this 
second question there is a complete answer when X is strictly 0-convex and (p is exact. 

Theorem 9.1. Consider a current S G £p_i{X). Then S = dT for some (p-positive current 
T G E'piX) if and only if 

a > for all a G £^~^{X) such that da is A"''(0)— positive 

Note . A+((/))-positive means that da{^) > for aU ^ G G((/>). 

There is a similar result for compact calibrated manifolds (X, cp) with no condition on 
(p. The result uses 0-quasiplurisubharmonic functions - those which satisfy the condition 
that dd'^f -\- (pis A+(0)-positive. See [HL4] for the Kahler case. 
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0-Flat Hypersurfaces. 



In Section 10 we expand the notion of (/)-pluriharmonic functions to include functions 
/ which are (/)-pluriharmonic modulo the ideal generated by df. In most interesting geome- 
tries these functions are characterized by the fact that their level sets are ^-flat, i.e., the 
trace of the second fundamental form on all tangential (^-planes is zero. These functions 
are important for the boundary problem. If / is such a function defined in a neighborhood 
of a compact (/)-submanifold with boundary M G X, then 

inf <f{x) < sup/ for x e M. 



Generalized Hodge Manifolds. 

In Section 8 we discuss analogues of Hodge manifolds in the general calibrated setting. 
We also examine various analogues of the Hodge Conjecture in these spaces. 

The paper is organized in the order presented above. Several of the sections have 
appendices which contain examples or discussions of side issues. They can be skipped 
when reading the paper the first time. 

We mention that the operator d'^ has been independently found by M. Verbitsky [V] 
who studied the generalized Kahler theory (in the sense of Chern) on G2-manifolds. The 
authors would like to thank Robert Bryant for useful comments and conversations related 
to this paper. 
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1. Plurisubharmonic Functions 

Suppose is a calibration on a riemannian manifold X. The (/)-Grassmann bundle, 
denoted G((f)), consists of the unit simple vectors ^ with (f){^) — 1, i.e., the (^-planes. An 
oriented submanifold M is a (p-submanifold, or is calibrated by (p, if the oriented unit 
tangent space T^xM lies in Gx{4>) for each x G M, or equivalently, if (p restricts to M to 
be the volume form on M. Let n = dimX and p — degree{4>). 

Definition 1.1. The d'^-operator is defined by 

for all smooth functions f on X. 
Hence 

— > £P-\X) and rfrf"^ : — > £P{X) 

where £'^{X) denotes the space of forms on X . This dd'^ operator provides a way 

of defining plurisubharmonic functions in calibrated geometry when the calibration (p is 
parallel. 

If a; is a Kahler form on a complex manifold, then d^ = d^ = —Jodis the conjugate 
differential. Thus, the dd'^-operator generalizes the dd'^-operator in complex geometry. 

Definition 1.2. Suppose Vcp = 0. A function / e C°°{X) is (/)-plurisubharmonic if 

(dd'^m) > for aU ^ e 

The set of such functions will be denoted rSn{X, 0). If {dd'l>f){i) > for all C e ^(0), 
then / is strictly 0-plurisub harmonic. If {dd'^f){^) = for all ^ e then / is 

0-pluriharmonic. 

Remark 1.3. If (p is not parallel, we define (/i>-plurisubharmonic functions by replacing 
dd'^f, in Definition 1.2, with dd'^f — V^fCp. This modified drf'^-operator is discussed in 
detail in Section 2. Note that the difference W-^fCp is a first order operator. 

The next result justifies the use of the word plurisubharmonic in the context of a 
(p-geometij. A calibration (p is integrable if for each point x & X and each ^ e Gx{(p) 
there exists a (/)-submanifold M through x with 

Theorem 1.4. Let {X,(p) be any calibrated manifold. If a function f G C°°{X) is (p- 
plurisubharmonic, then the restriction of f to any (p-submanifold M G X is subharmonic 
in the induced metric. If (p is integrable, then the converse holds. 

Theorem 1.4 is an immediate consequence of the formula 

(dd^/-Vv/0)L = (Am/)vo1m (1.1) 

This formula follows from the three equations (2.7), (2.12), and (2.15), proved below, and 
the fact that 0-submanifolds are minimal submanifolds. We continue for the moment to 
present results whose proofs will be given in Section 2. 
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The 0-plurisubharmonic functions enjoy many of the useful properties of their classical 
cousins in complex analysis. Here are some basic examples. 

Proposition 1.5. Let f,g e C°°{X) be (l)-plunsubharmonic. 

(i) Ifipe C°°(R) is convex and increasing, then ip o f is (f)-plurisubharmonic. 
(a) The function log(e-'^ + e^) is (j)-plurisubharmonic. 

(Hi) The decreasing sequence of functions hn = ^log (e"-^ + e"^^) ofcp-phirisubharmonic 
functions approximates maix{f , g} . More precisely, /i„ — ^log2 < max{/, ^r} < hn- 

Another important elementary property is given in the next proposition. A p-form (f) 
is said to involve all the variables if J (/> ^ for all non-zero tangent vectors (. 

Proposition 1.6. The dd'^ -operator is (overdetermined) elhptic if and only if the calibra- 
tion involves all the variables. Its symbol is 

a^idd^) = C A (CJ 0) for C e T*X ^ T,X. (1.2) 

Proof. The computation of (1.2) is straightforward. By definition the operator dd'^ is 
(overdetermined) elliptic if aQ^dd"^) is injective (i.e., 7^ 0) for all ^ ^ 0. Observe that 
C A (C J 0) = if and only if (J = since (C A (C J 4>)A) = lC-1 Hence, C A (C-1 4>) ^ 
for aU C 7^ if and only if C-10 7^ for aU C 0. ■ 

Definition 1.7. The 0-Laplacian, A<^, on a function / e C°°(X) is defined by 

A^/ = {dd^fA) 

The symbol of is the quadratic form |C-1<?^'|^ for C ^ T*X = T^X. In particular, the 
0-Laplacian is (determined) elliptic if and only if the calibration involves all the variables. 

Definition 1.7 is easily extended to include arbitrary distributions / on X by requiring 
{dd'^f, a (E) *1) > for all smooth, compactly supported sections a of the bundle ApTX 
which are positive linear combinations of elements in Gx{4>) at each point x. 

Proposition 1.8. Suppose cf) is a calibration which can be written as a positive linear 
combination of (f)-planes at each point x & X. If a distribution f is (f)-plurisubharmonic, 
then f is A(f)-subharmonic, i.e., A^/ is a non-negative measure. 

Remark . If (/> is a calibration which satisfies the hypotheses of both Propositions 1.6 and 
1.8, then all the classical results concerning subharmonic functions with respect to the 
scalar elliptic operator A^ can be brought to bear on 0-plurisubharmonic distributions. 
For example, each </)-plurisubharmonic distribution is in Lj^^ (locally Lebesgue integrable) 
and represented by an upper-semicontinuous function taking values in [—00, 00). However, 
because of the geometric emphasis in this paper and the desire to keep technical considera- 
tions to a minimum, only C°° 0-plurisubharmonic functions will be considered. Exceptions 
will occur as remarks. 

Suppose is a calibration for which A{(f)) = spanG(^) C A^T*X is a subbundle. 
Then for any (j)-plurisubharmonic distribution f, the -component of dd'^f has measure- 
coefficients. This is proved in Proposition 5.19 below. 
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Remark (The Abundance of </)-plurisubharmonic Functions). We shall see in the 

next section that any convex function on the riemannian manifold X is automatically 0- 
plurisubharmonic . However, in the euclidean case (R", 0) with </) parallel, there are many 
strictly (/)-plurisubharmonic quadratic functions which are not convex. (See Remark 2.9.) 
It follows that in small neighborhoods of a point on any calibrated manifold, such functions 
exist. Of course the strictly (^-plurisubharmonic functions form an open cone in C°°{X) 
for any calibrated manifold (X, cj)) . 



Appendix: Pluriharmonic Functions 

While ^plurisubharmonic functions are abundant, the 0-pluriharmonic functions are 
often quite scarce. To illustrate this phenomenon we shall sketch some of the basic facts 
in the "classical" cases. 

To begin we note that for some calibrations 0, one has that: 

dd'I'f = if and only if {dd^f){0 = for aU ^ e G'((/>) (1.3) 

while for others this is not true. It is the right hand side that defines pluriharmonicity. 
If (1.3) holds and the map is everywhere injective (as in Example 1.11), then the only 
pluriharmonic functions are the affine functions, i.e., the functions with parallel gradient. 
Note that if / is affine, then V/ splits the manifold locally as a riemannian product 
X = RxXo. 

Example 1.8. (Complex geometry). Let a; be a Kahler form on a complex manifold X. 
Then d'^ — d'^ is the conjugate differential, dd'^f is the complex hermitian Hessian of /, 
G{uj) is the grassmannian of complex lines, and the statement (1.3) is valid. In particular, 
the u;-pluriharmonic functions are just the classical pluriharmonic functions on X. 

Example 1.9. (Special Lagrangian geometry). Consider the special Lagrangian cal- 
ibration (f) — Re{dz) on C"'. Let Zij denote the bidegree (n — 1, 1) form obtained from 
dz — dzi A • • • A dzn by replacing dzi with dzj (in the ith position). A short calculation 
shows that 

For this calibration one can show that (1.3) is valid. Consequently, Lei Fu [Fu] has described 
all the 0-pluriharmonic functions. 

Proposition 1.10. Let f he a special Lagrangian pluriharmonic function deGned locally 
on C", n > 3. Then f = A + Q where A is affine and Q is a traceless hermitian quadratic 
function. 

Proof. If dd^f — and n > 3 (so that Zij and Z^j are of different bi-degrees), then(1.4) 
implies that g^J^. = for all Therefore, all third partial derivatives if / are zero. For 
polynomials of degree < 2 the result is transparent from (1.4). ■ 
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Example 1.11. (Associative, Coassociative and Cayley geometry). Consider one 
of the calibrations: 

1. (Associative) (f){xAyAz) = {x,yz) for x,y, z E ImO 

2. (Coassociative) t/; = *(/) on ImO 

3. (Cayley) ^{xAyAzAw) = {x,yxzxw) for x, y, 2, G O 

where O denotes the octonions. As in the special Lagrangian case one can show that (1.3) 
is valid for each of these calibrations. Furthermore, an application of representation theory 
shows the maps A<^, and A$ are injective. These calculations carry over to manifolds 
with G2 or Spiny-holonomy to establish the following. 

Proposition 1.12. Let X be a manifold with holonomy contained in G2 or Spin7 and 
having dimension 7 or 8 respectively. Suppose (f) is a parallel calibration on X of one of 
the three types above. Then every (f)-pluriharmonic function on X is athne. Moreover, if 
the holomony is exactly G2 or Spiny, every (p-pluriharmonic function is constant. 

Proof. The first assertion follows because (1.3) is valid and the A-maps are injective. The 
second follows because any non-constant affine function on X would reduce its holonomy 
to a subgroup of 1 x SOn-i- ■ 

Example 1.13. (Quaternionic-Kahler geometry). Let H denote the quaternions and 
consider H"^ as a right-H vector space. Each of the complex structures /, J, K (right 
multiplication by k) determines a Kahler form uji,u>j,u>k respectively. The 4-form 

* = ^{uj + uj + u;l) (1.5) 

on H"^ = R^" is a calibration with G{'^) consisting of the oriented quaternion lines in H^. 
In this case, dd^ f = if and only if Hess/ = 0. However, the assertion (1.3) is not valid 
in this case, and in fact there is a rich family of \l/-pluriharmonic functions. For example, 
if / is a;/-pluriharmonic, then / is 5'-pluriharmonic. Hence, so is any w-pluriharmonic / 
where co = au>i + bujj + ook with + + c^ = 1. 

It is well known that the only ^^-submanifolds in H" are the affine quaternion lines. 

Of course the calibration (1.5) exists on any quaternionic Kahler manifold, i.e., one 
with Sp„ ■ Spj^-holonomy. (See [GL] for examples.) With this full holonomy group it seems 
unlikely that there are many \E'-pluriharmonic functions. However, if the holonomy is 
contained in SP^i, they exist in abundance as seen in the next example. 

Example 1.14. (Hyper-Kahler manifolds). Let (A, w/, wj, w^) be a hyper-Kahler 
manifold. Then X carries several parallel calibrations. There are, of course, the Kahler 
forms CO = acoi + bujj + cujk with + 6^ + = 1, and two others of particular interest. 

(1) Let ^ = ^(wf +a;5+a;^). Then as in Example 1.13, any u>-pluriharmonic function 
is "^f-pluriharmonic. Hence, the sheaf of \l/-pluriharmonic functions is quite rich. On the 
other hand there are precious few \l/-submanifolds. 

(2) Consider the generalized Cayley form S = ^{ujj — Uj — For this calibration 
there exist no interesting pluriharmonic functions, but there are many S-submanifolds (cf. 
[BH]). 
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Example 1.15. (Lie group geometry). Let G be a compact simple Lie group with Lie 
algebra g, defined as the set of left-invariant vector fields on G. Consider the fundamental 
3-form (f) on G defined by {x,[y,z\) and normalized to have comass one. Calculations 
indicated that in all but a finite number of cases non-constant pluriharmonic functions do 
not exists, however there are 0-submanifolds, namely the "minimal" SU2-subgroups (cf. 
[B]). 

Example 1.16. (Double point geometry). Let </> = dxi A • • • A dxn + dyi A • • • A dyn in 
j^2n £qj, 77, > 3. The only ^-planes are those parallel to the x or y axes. An easy calculation 
shows that dd'^f = if and only if f(x,y) = g{x) + h{y) for harmonic functions g and 
h. However, a function f{x,y) is 0-pluriharmonic if and only if it is harmonic in x and y 
separately. 
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2. The 0-Hessian. 



In this section we prove the assertions made in §1. The arguments will involve ideas 
and notation important for the rest of the paper. We will end the section with a general- 
ization of Theorem 1.4 to snbmanifolds which are (p-critical. 

Recall that the Hessian (or second covariant derivative) of a smooth function / on a 
riemannian manifold X is defined on tangent vector fields V, W by 

Hess(/)(F,W^) = ViWf)-iVvW)f (2.1) 

where V denotes the riemannian connection. Note that V{Wf) — {VvW)f = V{{W, V/)) — 
(VyW, V/) = (W, Vv(V/)) so that at a point x E X, the Hessian is the symmetric 2- 
tensor, or the symmetric linear map of T^X given by 

Hess(/)(V) = Vy(V/) (2.2) 

Let F be a real inner product space Given an element (j) e A^V*, we define a linear 
map, central to this paper, 

: End(V) — > A^V* (2.3) 

by 

X^{A) = DAt{cf>) 

where Da* denotes the extension of the transpose A* : V* ^ V* to Da* : AW* AW* 
as a derivation. 

Note . Recall that the natural inner product on End(F) is given by: 

(A, B) = tr AB* for A, B e End(F) 
Using this inner product we have the adjoint map 

a; : APy* — > End(F) (2.4) 

which will also be important. 

Definition 2.1. The 0-Hessian of a function / e C°°(X) is the p-form 'H'^(f) defined by 
letting the symmetric endomorphism Hess/ act on as a derivation, i.e.. 

In terms of the bundle map : End(TX) ApT*X, 

W^if) = A^(Hess/) (2.6) 

is the image of the Hessian of /. 

The second order differential operators dd'^ and H'^ differ by a pure first order operator. 
This is the first of the three equations needed to prove Theorem 1.4. 
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Theorem 2.2. If 4> is a closed form on X, then 

n^{f) = dd^f-Vvf<l> (2.7) 

Proof. By (2.2) we have (Hess/)(y) = VyV/ = [V, V/] + VvfV, i.e., 

Hess/ = -£v/ + Vv/ 

as operators on vector fields (£ = the Lie derivative) . The right hand side of this formula 
has a standard extension to all tensor fields as a derivation that commutes with contrac- 
tions. It is zero on functions, that is, it is a bundle endomorphism whose value on T*X is 
minus the transpose of its value on TX. In particular, we find that -Dness* / — ^v/ — Vv/ 
on 7?-forms, i.e., 

nHf) = c^M-Vvf^ (2.8) 

Finally, since dcj) = 0, the classical formula relating C, d and J gives 

dd'^f = d{VfA(j)) = Cvf{cl>) ■ 

Many of the nice results for the dd'^-operator continue to hold in the non-parallel case 
after replacing it with the 0-Hessian. Perhaps even more importantly, many properties of 
the dd'^-operator in the parallel case can best be understood by considering the (/)-Hessian. 

The second formula needed for the proof of Theorem 1.4 is algebraic in nature, involv- 
ing the bundle map : End(TX) — > APT*X. Consequently, as before, we replace T^X 
by a general inner product space V. If ^ is a 7?-plane in V (not necessarily oriented), let 
-.V ^ ^ denote orthogonal projection. The following, along with its reinterpretations 
(2.9)' and (2.12), is a central result of this paper. 

Theorem 2.3. Suppose has comass one. For each A e End(F), 

(A^A)(0 = {A,P^) ifeeG(</>). (2.9) 

Equivalently, 

{X;m = n if ^£^(0). (2.10) 

Note that if ei, Cp is an orthonormal basis for the p-plane ^, then 

p 

Consequently, it is natural to refer to (A, P^) as the ^-trace of A and to use the notation 

tr^^ = {A,P^). 



16 



In particular, for each A e End(F), 

{X^Am = tr^A if eeG(0). (2.9)' 

Suppose G G{p,V) C ApF is a unit simple vector. If a,b are unit vectors in V with 
a e span^ and b ± span^, then 

6A(aJe) 

is called a first cousin of ^. The first cousins of ^ form a basis for the tangent space to the 
Grassmannian G{p, V) C ApV at the point ^. Since (f) restricted to G{p, V) is a maximum 
on G{(f)), this fact implies the following result, which we shall use frequently. 

Lemma 2.4. (Tlie First Cousin Principle). If e AW* has comass one and ^ e G{(f)), 
then 

4>iv) = 

for all Grst cousins r] = b A (a J ^) of ^. 

Note that D(^h(g,a,y(f) = Da®b(l> = aA and Di,^a^ = bA (aJ^) so that if A = b®a 

is rank one, then 

A<^(a®6)(0 = (i^a®60)(O = <l>{Db^aO = 0(6A(aJO) (2-11) 

Proof of Theorem 2.3. Pick an orthonormal basis for ^ and extend to an orthornormal 
basis of V. It suffices to prove (2.9) when A = b®a with a and b elements of this basis. It is 
easy to see that {b®a, P^) = unless a = 6 G ^, in which case (a® a, P^) = 1. By equation 
(2.11) we have Xcf,{b^a){^) = (j){bA{aA^)) and &A(a_l^) = unless a E ^ and either b E 
or b = a. If 6 G then (6 A (o-lO ^ ^^^^ cousin of ^ and </>((& A (aJ^)) = by the First 
Cousin Principle. If a = 6 G ^, then bA (aA^) = ^ and therefore (j){{b A {aA^)) = 0(^) = 1. 
■ 

Theorem 2.3 has many consequences. We mention several. From (2.9)' we have: 
Corollary 2.5. Suppose {X, 0) is a calibrated manifold. For each function f E C°°{X), 

nHm) = tr^(Hess/) if C e ^(0). (2.12) 

This equation (2.12) is the second equation needed in the proof of Theorem 1.4. 

Remark . Equation (2.12) provides an alternative definition of (/>-plurisubharmonic (as well 
as strict </)-plurisubharmonic and (;i!)-pluriharmonic) functions, which bypasses the bundle 
map and uses only the trace of the Hessian of / on 0-planes ^. 
Another application of Theorem 2.3 is given by: 

Corollary 2.6. If ^ G End(F) is skew, then the p-form X^A vanishes on G{(j)). 

Theorem 2.3 can be used to prove Proposition 1.5. Note that for A,B E Sym^(V) C 
End(V), if ^ > 0, S > 0, then {A,B) = tiAB > 0. Hence for all ^ e Gp{V) one has 
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(e (8) e, P^) > 0, and more generally {A, P^) > whenever ^ > 0. Since df and V/ are 
metrically equivalent, 

A0(V/ ® V/) = # A (V/_10) = (if A (i-^/. (2.13) 

Therefore, Theorem 2.3 has the following consequence. 
Corollary 2.7. For any f e C°o(X), 

(dfAd'^m) = |V/JeP > foraii ^ G G(0). 

Proof of Proposition 1.5. We will use Corollary 2.7. For (i) note that 

dd^iiPof) = i,p'of)dd't'f+{iP"of)dfAd^f, 

which combined with (2.7) shows that 

nH^of) = {,p'of)n'^f+{^"of)dfAd't'f. (2.14) 

For (ii) compute that: 

«*log(e^ + e») = (-^)H*/+(-^)H^ + ^-^f!-^d(/-a)Ad*(/-a). 

For (iii) set a = and 6 = in the inequalities: max{a, b} < y/a^ -\-h'^ < 2"max{a, b} 
and take the log. ■ 

Theorem 2.3 can also be used to understand the relationship between convex functions 
and 0-plurisubharmonic functions. A function / G C°°{X) is called convex if Hess/ > 
at each point, and it is called affine if Hess/ = on X. (If / is affine, V/ splits X locally 
as a riemannian product R x Xq.) 

Corollary 2.8. Every convex function is (p-plurisubharmonic , and every strictly convex 
function is strictly (j)-plurisuhharmonic (and every af&ne function is (j)-pluriharmonic) . 

Remark 2.9. The converse always fails; there are always (/)-plurisubharmomc functions 
which are not convex. To see this, consider first the euclidean case with X — V and (j) 
parallel. Recall that the orthogonal projections Pe onto lines in V generate the extreme 
rays of the convex cone of convex functions (positive semi-definite quadratic forms) in 
Sym^V C End(V). This cone is self-dual. The projections = A^(^) for ^ G G{(f) 
generate a proper convex subcone (in fact a proper convex subcone of the cone generated 
by orthogonal projections onto p-planes). Hence, by the Bipolar Theorem there must exist 
a non-convex quadratic function Q e Sym^V with (Q, P^) > for all ^ G ^(0). By (2.9), 
Q is 0-plurisubharmonic . 

We now recall some elementary facts about submanifolds. Given a submanifold X C 
X, let (•)^ and (m)^ denote orthogonal projection of TxX onto the tangent and normal 
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spaces of X respectively. Then the canonical riemannian connection V of the induced 
metric on X is given by VyW = (VyW)'^ for tangent vector fields V,W on X. The 
second fundamental form is defined by 

Bv,w = (VvW)^ = VvW-VvW. 

This is a symmetric bilinear form on TX with values in the normal space. Its trace 
H — trace -B is the mean curvature vector field of X, and X is called a minimal 
sub manifold ii H = 0. Finally, let A denote the Laplace-Beltrami operator on X and 
Hess denote the Hessian operator on X. The proof of the following is straightforward. 

Hi^(/)(V, W) = Hess(/)(V, W) - Bv,w ■ f 

for tangent vectors V,W E TX. Taking the TX-trace yields: 

A = try^Hess/-iy(/). 

With a change of notation, this is the final formula needed to prove Theorem 1.4. 

Proposition 2.10. Suppose M is a p-dimensional submanifold of X with mean curvature 
vector Md H. Then for each f e C°°{X), 

Am/ = trTMHess/ - on M (2.15) 

Corollary 2.11. Suppose M is a (p-submanifold of X. Then 

HH^Im = (^m/)vo1m (2.16) 

Proof. Combine (2.12) and (2.15) with the fact that H = 0. m 

Combining this with (2.7) gives equation (1.1) and proves Theorem 1.4. This com- 
pletes the proof of all the results in §1 except Proposition 1.8. 

Proof of Proposition 1.8. By definition, a distributional section of a vector bundle 
E ^ X is a, continuous linear functional on the space of smooth compactly supported 
sections of E* (E) A"^T*X, or equivalently, on the space of = s C?) *1 for s G FcptE*. 

Suppose / is a (/)-plurisubharmonic distribution, that is, {dd'^f, 5) > for all smooth 
compactly supported sections a of the bundle ApTX which are positive linear combinations 
of 0-planes at each point. Let denote the section of ApTX corresponding to under 
the metric equivalence Ap = A^. Set a = gcj) with ^ > a smooth compactly supported 
function. By hypothesis < (dd^f^gcf)), and we claim that {dd'^f,g(j)) = (A^j^f^g) where 
g = g{*l). To see this it suffices to consider the case where / is smooth, where one 
has (dd'^f.g^)) = {{dd^ f , 4>) ,g) = {A^f.g). Thus we conclude that < {A^f,g) for all 
compactly supported functions g with g > 0. ■ 

For future reference we add a remark. 
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Remark 2.12. The operator df^ can be expressed in terms of the Hodge ci*-operator as 
and therefore 

dd^f = dd*{f<^). 

To prove this, first note that if f G T^X and a. G T*X are metrically equivalent, then 
vA (j)^ *{aA*(j)). Hence, d"^/ = V/_l = A *0) = *{d{f * 0) - /(d * 0)) = *d * (/0) - 
f * d* (f), that is, 

d'f'f = d*{f(l))-fd*<t> 

so that the first equation holds if is a harmonic form, and in particular if is parallel. 
Note also that for ij; = ^cj) 

d^/ = ±*d{f(t)) and dd^/ = ±*d*d{f(l)). 

Appendix A. Submanifolds which are 0-critical. 

This appendix is not important for the remainder of the paper and can be skipped. 
Here we establish a useful extension of Theorem 2.3 to certain ^ which are not (/)-planes. 
Let G = G{p, V) denote the Grassmannian of oriented p-planes in the inner product space 
V, considered as the subset G C ApV of unit simple vectors. 

Definition 2.A.I. Given cp G A^V* an element ^ G G is said to be a (/)-critical point if 
^ G G is a critical point of the function Equivalently, (f) must vanish on T^G C ApV. 
Let G^^{(f)) denote the set of critical points. 

Note that if is a calibration on G, i.e., sup(/»|g= 1, then 

G(0) c G"(0) 

since for each ^ G G(0) the form attains its maximum value 1 at ^. Equation (2.9)' 
extends from G(0) to G^^{(j)) as follows 

Proposition 2.A.2. Suppose g AW* and A g End(F). Then for all C G G°''(0) 

A<^(A)(o = {t^A)m 

Proof. This is an immediate consequence of the more general Proposition 2. A. 4 below. ■ 

Recall that at a point ^ G G there is a canonical isomorphism: 

T^G ^ Hom (span ^, (span 0^)- (2.A.1) 

On the other hand, T^G is canonically a subspace of ApV. It is exactly the subspace 
spanned by the first cousins of ^. More specifically, the isomorphism (2.A.1) associates to 
L : span^ — > (span^)-*- the p-vector -DlC- 
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Definition 2.A.3. Let A e End(F) be a linear map. At each point ^ e G we define a 
tangent vector 

where A = P^± o Ao P^. This vector field ^ — > on G is called the ^-vector field. 

Remark . A straightforward calculation shows that this ^-vector field on G is the gradient 
vector field VF^ of the height function Fa ■ G given by -Fa(C) = P^)- 

Proposition 2.A.4. Suppose e AW* and A e End(y). Then for all p-planes ^ e 
G{p, V), 

A^(^)(e) = (tr^^)0(e) + (2.^.2) 

Proof. Pick an orthonormal basis for ^ and extend to an orthornormal basis of V. It 
suffices to prove (2. A. 2) when A = b<Sia with a and b elements of this basis. Using formula 
(2.11) we see the following. 

(1) If a G then all terms in (2. A. 2) are zero. 

(2) If a G ^ and 6 G then A = A = b<S>a, ti^A = 0, and A<^(6(g)a)(0 = (aA(6_10)) = 
cP{bA{aAO) = (^iDAO 

(3) If a = 6 G then X^{A) = (f){a A (aJ^ = </>(0 and tr^(A) = 1. Since A = 0, 
equation (2. A. 2) holds in this case. 

(4) If a, 6 G ^ and a ± 6, then b A (aJ^) = 0, and one sees easily that all three terms 
in (2. A. 2) are zero. ■ 

Remark 2. A. 5. Proposition 2. A. 2 can be restated as 

= for all e e G-(</>). (2.A.3) 

Conversely, if A^(^) = cP^ for some ^ G G°^{(f)), then c = 0(^) and ^ is 0-critical. 

Proof. For all C e ^(p, we have (P^ A;(0) = (A</,P^)(0 = Pp|0)(O = ^{Dp,0 = 
p(j){^) since -Dp^^ = p^. Therefore, A^(^) = cP^ implies that pc = p(j){^) and equation 
(2.A.3) holds. Equation (2.A.2) now implies that ^{D~^) = for all A G End(y) and, 
in particular, (f){Di,^) = for all L : ^ — > That is, vanishes on T^G C ApF, i.e., 
e G G-(<^). ■ 

We now define an oriented submanifold M of X to be (^-critical if T^^M G G"^''(0) 
for all X G M. We leave it to the reader to use Proposition 2. A. 2 to establish the following 
extension of the previous results. 

Theorem 2. A. 6. Suppose (p is a p-form on a riemannian manifold X and M G X is a 
4>-critical submanifold with mean curvature vector held H. Then for all f G C°°{X), 

A<^(Hess/) = [AMif) + H{f)]4> 

when restricted to M. In particular, if M is minimal, then on M 

A^(Hess/) = (Am/)0 
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Example . Let = |{<^f +u)j + uJ^} be the quaternion calibration on H". Then ±| are 
critical values and the 0-critical submanifolds with critical value ±i include all complex 
Lagrangian submanifolds for any complex structure defined by right multiplication by a 
unit imaginary quaternion (cf. [U]). 



Appendix B. Constructing (/)-plurisubharmonic functions. 

Straightforward calculation shows that if F{x) = g{ui{x), ...,Um{x)), then 

Proposition 2.B.I. If ui,...,Um are (f)-pluriharmonic and g{ti, ...,tm) is convex, then 
F = g{ui, ...,Um) is (f)-plurisubharnionic . More generally, if ^ > for j = l,...,m 
and g is convex, then F = g{ui, ...,Um) is (f)-plurisubharnionic whenever each uj is 0- 
plurisubharmonic. 

Proof. Under our assumptions the first term in equation (2.B.1) is > on any ^ e 

To show that the second term is > is suffices to consider the case where the matrix 
((^)) is rank one, i.e., equal to {{xiXj)) for some vector x G R". Then the second term 
equals A0{(^^ XjVuj) o {"^j XjVuj)} which is > on ^ e G{(f)) by (2.13) and Corollary 
2.7. ■ 

We now analyze the case where m — 2 and determine necessary and sufficient condi- 
tions for F — g{ui, U2) to be (/)-plurisubharmonic. 

Lemma 2.B.2. Fix v,w e and ^ e G{(j)). Let vq and wq denote the orthogonal 
projections of v and w respectively onto ^ (considered as a p-plane in R"J. Then 

X^{vow){^) = {vo,wo). 



Proof. Write v — vq + Vi and w = wq + wi with respect to the decomposition R"' = 
span C © (spanO^- Then for ^ G we have 

= 0(^0 A (wo-10) = (^o,wo)</>(0 = {vo,wo). 
where the third equality follows from the First Cousin Priinciple. ■ 
By Lemma 2.B.2 we have that for ^ e G{(f)), 

X(l,{av o v+2bv OW + cw o w}{^) 

= aWvoW^ + 2b{vo,wo) +c\\wo\\'^ {2 B 2) 

_ /(a h\ f ll^olP {vo,wo)\\ 
\\b cj\{vo,wo) KIP ;/ 
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Remark 2.B.3. A symmetric nxn-matrix ^ is > iff {A, P) > for all rank-one symmetric 
n X n-matrices P. 

Remark 2.B.4. The matrix | Jl^^'l '^n^'^?'* I is rank-one iff vq and wq are linearly 

\{vo,wo) \\wo\\^ J 

dependent. 

Lemma 2.B.5. Let v,w & R"^ be linearly independent. Suppose that for every line 

£ C span{v,i(;} 

there exists a {p— l)-plane C span {v, w}-^ such that £(B^o (when properly oriented) is 
a 0-piane. Then X(j){av ov + 2bv ow + cwo w} is (f)-positive if and only ^ ^ ^ ^ > 0. 

Proof. Necessity is already done. For sufficiency fix a,b,c. For each £ C spa,n{v,w} let 
^ e G{(f)) be the oriented p-plane ^©^o given in the hypothesis, and note that by equation 
(2.B.2) 
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where vi = (f,e), W£ = (w,e)e, and £ = span{e}. Now the matrix {^J'^ '^^^^ 

rank-one, and every rank-one 2x2 matrix, up to positive scalars, occurs in this family. 
The result follows from Remark 2.B.3. ■ 

Definition 2.B.6. A calibration (p on a manifold X is called rich (or 2-rich) if for any 
2-plane P C TxX at any point x, and for any line £ C P, there exists a (p — l)-plane 
^0 C P-*- so that ±£ ® ^0 is a 0-plane. 

Proposition 2.B.7. Let (X, 0) be a rich calibrated manifold. Suppose «i,W2 are </>- 
pluriharmonic functions on X with Vtti A V'U2 7^ on a dense set. Then for any C^-function 

F = g{ui,U2) & VSH{X,(j)) g is convex 

Proof. Apply Proposition 2.B.1, equation (2.B.2) and Lemma 2.B.5. ■ 

Proposition 2.B.8. The Special Lagrangian calibration on a Calabi-Yau n-fold, n > 3, 
and the associative and coassociative calibrations on a G2-naanifold are rich calibrations. 

Proof. For the Special Lagrangian case it suffices to consider cf) — Ke{dz) on C", n > 3. 
Let ei, Jei, ...Cn, Jen be the standard hermitian basis of C". By unitary invariance we 
may assume that £ = span{ei} and P = span{ei, aJei + ^62}. Then the (p — l)-plane 
^0 = —Je2 A Jes A 64 A ■ ■ ■ A Cn does the job. 

Consider now the associative calibration (p{x, y, z) = {x ■ y, z) on the imaginary octo- 
nians lm(0) = Im(H) © H ■ e where H denotes the quaternions. By the transitivity of the 
group G2 on = G2/SU(3) and the transitivity of SU(3) on the tangent space, we may 
assume £ = span {i} and P = span {z, j} in Im(H). We now choose ^0 = eA{i-e). For the 
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coassociative calibration we choose = kA{i€)A{ke) and note that iA^o = iAkA{i€)A{ke) 
is coassociative because its orthogonal complement is j A e A (je) which is associative. ■ 

We now give some examples and applications of the material above. We start with 
Special Lagrangian geometry where the (^pluriharmonic functions are given by Proposition 
1.10. Hence, we may apply Proposition 2. B. 7 to conclude the following. Let Ui{z) andu2{z) 
be two traceless hermitian quadratic forms on C". (For example, take ui{z) — \zi\'^ — \z2\'^ 
and U2{z) — {n — '2)\zi\'^ — |2;3p — • • • — l^nP-) Then g{ui{z), '^2{z)) is 0-plurisubharmonic 
if and only if g is convex. 

Formula (2.B.1) can be usefully appled to more general functions Uj. For example, 
in the Special Lagrangian case on C" with = Re((i2), one has that dd^ {^Izk]"^) = 0, 
for any complex coordinate Zk in any unitary coordinate system on C"^. Hence a linear 
combination of these functions have the property that dd'^u = c(f) for some constant c. 

Proposition 2.B.9. Let (X, (p) be a rich calibrated manifold. Suppose C°°{X) 
satisfy the equations dd'^Ui = Cicf) for constants ci,...,c^. Then for any -function 
g{ti, ■■■,tn) 

F = g{ui,...,Un)erSn{X,<t>) ^ |^Ci|^|ld + (Hess„((((V«i)«,(V«,)^))> > 
for all 0-planes ^ at all points of X. 
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3. Convexity in Calibrated Geometries 

We suppose throughout this section that (X, (/>) is a non-compact, connected cahbrated 
manifold. 

Definition 3.1. If K is a compact subset of X, we define the {X, 0)-convex hull of K 

by 

K = {xeX : f{x) < sup/ for all / e VSn{X, (/>)} 

K 

li K = K, then K is called {X, 0)-convex. 

Lemma 3.2. Suppose K is a compact subset of X. Then x ^ K if and only if there exists 
a smooth non-negative (f)-plurisubharmonic function f on X which is identically zero on a 
neighborhood of K and has f{x) > 0. Furthermore, if there exists a (p-plurisubharmonic 
function on X which is strict at x, then f can be chosen to be strict at x. 

Proof. Suppose x ^ K. Then there exists g G VSH{X,(j)) with snpj^g < < g{x). Pick 
(p e C°°(R) with (/? = on (— oo, 0] and with (/? > and convex increasing on (0, oo). Then 
f = <f o g satisfies the required conditions. Furthermore, assume h G VS7i{X, cf)) is strict 
at X. Then take 'g = g + eh. For small enough e, sup j^g < < g{x). If (p is also strictly- 
increasing on (0, oo), then f = (p og is strict at a;. ■ 

Theorem 3.3. The following two conditions are equivalent. 

1) If K CC X, then K CC X. 

2) There exists a (p-plurisubharmonic proper exhaustion function f on X. 

Definition 3.4. If the equivalent conditions of Theorem 3.3 are satisfied, then [X, 0) is a 
convex calibrated manifold and X is (/)-convex . 

Proof that 2) =^ 1): UK is compact, then c = sup^ / is finite and K is contained in the 
compact prelevel set {x e X : f{x) < c}. 

Proof that 1) =^ 2): A 0-plurisubharmonic proper exhaustion function on X is con- 
structed as follows. Choose an exhaustion of X by compact (X, 0)-convex subsets Ki C 
K2 C Ks C • • • with Km C for all m. By Lemma 3.2 and the compactness of 

Km+2 — there exists a (^-plurisubharmonic function > on X with fm identi- 

cally zero on a neighborhood of K^, and > on Km+2 — ^m+i- rescaling we may 
assume fm > rn ori Km+2 — -^m+i- The locally finite sum / = Yl^=i fm satisfies 2). ■ 

Lemma 3.5. Condition 2) in Theorem 3.3 is equivalent to the a priori weaker condition: 

2)' There exists a continuous proper exhaustion function f on X which is smooth and 
(t)-plurisubharmonic outside a compact subset of X. 

In fact if f satisfies 2)', then f can be modified on a compact subset to be (f)-plurisubharmonic 
on all of X. Consequently, if f satisfies 2)' and is strict outside a compact set, then its 
modification (po f is also strict outside a compact set. 

Proof. For large enough c, / is smooth and 0-plurisubharmonic outside the compact set 
{x e X : f{x) < c — 1}. Pick a convex increasing function (p e C°°(R) with (p = c on a 
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neighborhood of (—00, c — 1] and (p{t) = t on (c+ 1, 00). Then (/? o / is 0-plurisubharmonic 
on all of X (in particular smooth) and equal to / outside of the compact set {x E X : 
f{x)<c+l}. m 

Theorem 3.6. The following two conditions are equivalent: 

1) K CC X ^ K CC X, and X carries a strictly (f)-plurisubharmonic function. 

2) There exists a strictly (f)-plurisubharnionic proper exhaustion function for X. 

Definition 3.7. If the equivalent conditions of Theorem 3.6 are satisfied, then (X, 0) is a 
strictly convex calibrated manifold or X is strictly (f)-convex. 

Proof of Theorem 3.6. Suppose that X is equipped with both a ^-plurisubharmonic 
proper exhaustion function / and a strictly (^-plurisubharmonic function g. Then the sum 
f + is a strictly (^plurisubharmonic exhaustion function. Now Theorem 3.6 follows 
immediately from Theorem 3.3. ■ 

We shall construct many (p-convex manifolds in the course of our discussion (See, in 
particular, §7). However, we present some elementary examples here. 

Example 1. Suppose (j) G A^R"- is a parallel calibration on R". Let f{x) = Then 
dd'^f = pcj) and hence / is a strictly (/)-plurisubharmonic exhaustion. That is, (R"^, (j)) is a 
strictly convex calibrated manifold. 

Example 2. Suppose (j) = dxi A ■ ■ ■ A dxn on a domain X in R". Then dd"^ f = {Af)(j) 
and / is (/)-plurisubharmonic if and only if / is subharmonic. Recall that if CC X, then 
K = K U {all the "holes" in K relative to X}, (connected components oi X — K which 
are relatively compact in X. Thus (X, 0) is strictly convex for any open set X C R*^. 

It is instructive to extend this elementary example. 

Example 3. Suppose </> = dxi A • • • A dxp on a domain X in R"'. A function / e C°°(X) 
is (/)-plurisubharmonic if and only if A^f > on X. For a set K C R"^, let Ky denote 
the horizontal slice {x G R^ : {x, y) G K} of K. Suppose that for each y G R"~^, the 
horizontal slice Xy has no holes in R^. Then (X, 0) is strictly convex. To prove this fact, 
it suffices to exhaust X by compact sets K with the same property and show that each 
such K is equal to its (X, 0)-hull. Suppose zq = {xq, yo) E X — K. Since xq is not in a hole 
of in HP, we may choose (by Example 2) an entire subharmonic function g{x) with 
g{xo) » and sup^^ g << 0. Now pick i/j G C^^{{y : \y — yo\ < e}) with < ifj < 1 and 
i^ivo) = 1- Then f{x,y) = g{x)'i/j{y) is 0-plurisubharmonic and f{zo) = g{xo) >> 0. For 
e sufficiently small, sup^ / < 0. This proves zq does not belong to the (X, 0)-hull of K. 

Example 4. Let cj) = dx in R^ and set X = {(x,y) : x'^ - c < y < x"^, \x\ < 1}. Then 
X is not (/)-convex. The closure of the hull of the compact subset K — ([— e, e] x {— e}) U 
({±e} X [— e, 0]) of X is easily seen to contain the origin. Similarly, a domain of "U"-shape, 
whose upper boundary along the bottom has a flat segment, is not 0-convex even though 
it is locally ^convex (by Example 3). 

It is important to "weaken" this notion of strict convexity. 
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Theorem 3.8. The following two conditions are equivalent: 

1) K CC X =^ K CC X, and there exists a strictly (f)-plurisubharmonic function 
defined outside a compact subset of X 

2) There exists a (p-plurisubharmonic proper exhaustion function on X which is strict 
outside a compact subset of X. 

Definition 3.9. If the equivalent conditions of Theorem 3.8 are satisfied, then the cah- 
brated manifold {X, (p) is strictly convex at oo or X is strictly 0-convex at oo. 

Remark . This is not the standard terminology used in complex geometry where such 
spaces are called "strongly (pseudo) convex" . 

Proof of Theorem 3.8. Obviously 2) implies 1). We will prove that 1) implies the 
following weakening of 2). 

2)' There exists a continuous proper exhaustion function f on X which is smooth and 
strictly 0-plurisubharmonic outside a compact subset of X. 

By Lemma 3.5, Condition 2)' implies Condition 2). 

Now assume 1). Since K CC X implies K CC X, we know from Theorem 3.3 that 
there exists a (/)-plurisubharmonic exhaustion function / for X. Let g denote the strictly (p- 
plurisub harmonic function which is only defined outside of a compact set. We can assume 
this compact set is {x E X : f{x) < c} for some large c. Then h = max{/ + e^, c} is a 
continuous proper exhaustion function which, outside the compact set {x E X : f{x) < c}, 
is strictly 0-plurisubharmonic (in fact, equal to/ + e^). This proves 2)' and completes the 
proof of the theorem. ■ 

Corollary 3.10. {X, 0) is strictly convex at oo if and only if Condition 2)' holds. 



Cores. 

In each non-compact calibrated manifold {X, (j)) there are certain distinguished subsets 
which play an important role in the (/)-geometry of the space. (In complex manifolds which 
are strongly pseudoconvex, these sets correspond to the compact exceptional subvarieties.) 
The remainder of this section is devoted to a discussion of these subsets. 

Given a function / e VS7i{X, 0), consider the open set 

S{f) = {x E X : f is strictly — plurisubharmonic at x} 
and the closed set 

W{f) = X-S{f). 

Note that 

W{Xf + f,g) = W{f)r)W{g) 
for f,g e VSn{X, 0) and A, > 0. 

Definition 3.11. The core of X is defined to be the intersection 

Core(X) = f]Wif) 
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over all / e VS'H{X^(j)). The inner core of X is defined to be the set InnerCore(X) 
of points X for which there exists y ^ x with the property that fix) = f{y) for all 

Proposition 3.12. InnerCore(C) c Core(X). 

Proof. If X ^ Core(X), then there exists g G VST-C{X,(p) with g strict at x. Suppose 
y ^ X. Then if i(j is compactly supported in a small neighborhood of x missing y, and -0 
has sufficiently small second derivatives, one has f = g + if: & VST-C{X, (j)). Obviously for 
such /, the values f{x) and f{y) can be made to differ, so therefore x ^ InnerCore(X). ■ 

Proposition 3.13. Every compact (p-submanifold M C X is contained in the inner core. 

Proof. Each / e VS7i{X, (p) is subharmonic on M by Theorem 1.4. Hence, / is constant 
on M. ■ 

Proposition 3.14. Suppose X is (j)-convex. Then Core(X) is compact if and only if X is 
strictly (f)-convex at oo, and Core(X) = if and only if X is strictly (f)-convex . 

Proof. If X is strictly 0-convex at oo, then choosing / to satisfy 2) in Theorem 3.8, 
we see that the Core(X) C W{f) is compact. Obviously, strict 0-convexity implies that 
Core(X) = 0. 

Conversely, if Core(X) is compact, then in the construction of the 0-plurisubharmonic 
exhaustion function in the proof of Theorem 3.3 we may choose 

Ki = Co^X) 

Then by the definition of Core(X) and Lemma 3.2, each of the functions in that proof 
can be chosen to be strictly 0-plurisubharmonic on Km+2 — -f^m+i- Hence the exhaustion 
/ — Ylim strictly (/)-plurisubharmonic outside a compact set containing the core. ■ 

A slight modification of this construction gives the following general result. 

Proposition 3.15. Suppose X is strictly (p-convex at oo, and K G X is a compact, cf)- 
convex subset containing the core of X. Let U be any neighborhood of K. Then there 
exists a proper (j)-plurisubharmonic exhaustion function f : X ^ R""" which is strictly 
(f)-plurisubharmonic on X — U, and identically zero on a neighborhood of K. 

Proof. Choose Ki = i^T in the construction of the (/>-plurisubharmonic exhaustion function 
given in the proof of Theorem 3.3. Let denote the compact e-neighborhood of K. Then 

K = fl K,. (3.1) 

e>0 

If x e n^^Qi^e, then for each / e VSH{X,(I)), we have f{x) < sup^^ /. However, 

infe supj^^ / = sup;^ /, and we conclude that x E K. Thus wc can choose K2 = -ftTe in our 
construction of /, and for small enough e we have K2 G U as well as Ki C i^2- The proof 
is now completed as in the proof of Proposition 3.14. ■ 

Obviously, many question concerning 

InnerCore(X) C Core(C) C Co^X) 

remain to be answered. 



28 



Appendix A. Structure of the Core. 

Let {X, (j)) be a calibrated manifold and consider the set 

N = {ieG{(j>):{H'l'm) = forall/eP<S7i(X,0)}. 



Proposition 3.A.I. Let tt : G'(0) X denote the projection. Then 

7T{Af) = Core(X). 

Proof. Suppose x ^ Core(X). Then by definition there exists / e VS7i{X, (f)) with 
> for all C e TT-'^ix). Hence, x ^ 7r{M). 
Conversely, suppose x ^ 7r(A/'). Then for each ^ G 7t~^{x) there exists e VS7i{X, 4>) 
with /(^) > 0. Let W^^ — [rj E 7r~^(x) : f^{r]) > 0} and choose a finite cover W^^, W^^ of 
7r~^(x). Then f = f^^ + ■ ■ ■ + f^^ is strictly 0-plurisubharmonic at x, and so a; ^ Core(X). 
■ 

Proposition 3 A. 2. If ^ e A/", then for each vector V e span^, 

df(v) = for all feVSniX,(f)) (3.A1) 



Proof. Suppose / e VSn{X, 0) and set F = 
(2.14) and CoroUary 2.7 we see that = 



ef. Then F e VSn{X, 0), and by equation 



Definition 3.A.3. The tangential core of X is the set 

TCore(X) = {v e TX : v ^ and satisfies condition (3.A.1)} 

Thus TCore(A) C TX is a subset defined by the vanishing of the family of smooth 
functions d/ : TX ^ R for / e VSn{X, cf)). Propositions 3.A.1 and 3.A.2 show that the 
restriction of the bundle map p : TX X gives a surjective mapping 

p : TCore(A) ^ Core(A) 

and for each x E X, The vector space ra;Core(C) = p^^{x) contains the non-empty space 
generated by all v e span^ for ^ e J\fx. 

Consider a point v G TCorc(X) and suppose we have fimctions /i, G VST-C{X, (p) 
such that V(i/i, Vdfi are linearly independent at v. Then TCore(C) is locally contained 
in the codimension-£ submanifold {dfi = ■ ■ ■ — dfi = 0} . If additionally we assume that 
dfi, dfi are linearly independent vectors at x = p(f ), then Core(A) is locally contained 
in the subset {/i = constant} fl • • • fl {fc = constant}. NO 
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Appendix B. Examples of Complete Convex Manifolds and Cores 



In §7 (Theorem 7.4) we shall show that there are many strictly (/)-convex domains in 
any calibrated manifold {X, (p). They can have quite arbitrary topological type within the 
strictures imposed by Morse Theory and ^-positivity of the Hessian. However, it is also 
interesting geometrically to ask for convex manifolds which are complete. 

In fact, there exist enormous families of complete calibrated manifolds {X, (p) with 
V0 = which are strictly 0-convex at infinity. For example any asymptotically locally 
euclidean (ALE) manifold with SU(n), Sp(n), G2, or Spiny holonomy is such a creature, 
since the radial function on the asymptotic chart at infinity is strictly convex. For the 
general construction of such spaces the reader is referred to the book of Joyce [J]. 

However, some manifolds of this type have been explicitly constructed, and in these 
cases one can explicitly construct 0-plurisubharmonic exhaustion functions and identify 
the cores. We indicate how to do this below. 

We begin however with an observation in dimension 4. Every crepant resolution of 
singularities of C^/F admits Ricci-fiat ALE Kahler metric. On each such manifold there 
exists an S'^-family of parallel calibrations 



where u> is the given Kahler form, = Re{$} and = Ini{$} and $ is a parallel section 
of the canonical bundle kx- Let E = 7r~^(0) be the exceptional locus of the resolution. 
Then for any (j) e C we have 



This follows from the fact that each e C is in fact the Kahler form for a complex structure 
on X compatible with the given metric. With this complex structure X is pseudo-convex, 
and by the Stein Reduction Theorem (cf. [GR, p. 221]) we know its core is the union 
of its compact complex subvarieties. For (p ^ u there are no such subvarieties since by 
the Wirtinger inequality (cf. [Li,2]), applied to (j), they would necessarily be homologically 
mass-minimizing, and by the same result applied to u any such subvariety is a;-complex 
(and therefore a component of E). 

Example 1. (Calabi Spaces). Let X — > C"/Z^ be a crepant resolution of C^/Z^ where 
the action on C" is generated by scalar multiplication by r = e^"^*/". Following Calabi [C] 
we define the function F : C"/Z„ ^ R by 



where p = \\z\\^ (pushed down to C"/Z^), and the log is defined by choosing arg^ e 
(— TT, tt). We then define a Kahler metric on C^/Z^ — {0} by setting 



C = 



{mu + v(fi + wip : + + = 1} 




F{p) = ^/^^r^+-^r'=log(Vp^-T^) 



n-l 



u = -dd^F 
4 
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Calabi shows that this metric is Ricci-Bat and (when pulled back) extends to a Ricci Qat 
metric on X. The parallel form $ = dzi A ■ • • A dz^ extends to a parallel section of kx- 
This metric is given expUcitly on R^"/Z„ by 

ds"^ = F' {p)\dx\'^ + pF" {p)dr o d^r 

where r = \\x\\. Define G{p) by settiing G'{p) = F' (p) + pF" (p) and G{0) = 0. Then direct 
calculation shows that 

dd^G = 2n(P 

where = Re{$}. Hence, X is a complete, strictly (f)-convex manifold. 

Example 2. (Bryant-Salamon Spaces). Let P denote the principal Spins-bundle of and 

S = P xsp, H 

the associated spinor bundle, where H denotes the quaternions. Bryant and Salamon have 
explicitly constructed a complete riemannian metric with G2-holonomy on the total space 
of 5". (See [BS, page 838, Case ii].) Let p = \a\ for a G H (pushed-down to S) and let 
Z G S denote the zero section. Then a direct calculation shows that the function 

F(p) = (1 + p)6 is strictly (p — plurisubharmonic on S — Z 

where denotes the associative calibration on S. Since Z is an associative submanifold 
we conclude that 

Core(5) = Z 

In an analogous fashion the authors construct a complete riemannian metric with Spiny- 
holonomy on the total space of a spinor bundle over S^. (See [BS, page 847, Case ii].) 
A similar calculation shows that there exists an exhaustion functionjvhich is strictly 
plurisubharmonic on S — Z where $ denotes the Cayley calibration Z the zero-section of 
S. Since Z is a Cayley submanifold, we conclude that 

Core(5) = Z 
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4. Boundary Convexity. 

Suppose J] CC X is an open set with smooth boundary 90, where (X, 0) is a non- 
compact cahbrated manifold. A p-plane ^ e G{(f)) at a point x e dQ will be called 
tangential if span^ C T^d^l. 

Definition 4.1. Suppose that p is a defining function for dfl, that is, p is a smooth 
function defined on a neighborhood of Q with Q = {x : p{x) < 0} and Vp 7^ on dil. If 

dd'l'p{C) > Q for all tangential ^ e ((/)), X e an, (4.1) 

then dO, is called 0-convex. If the inequality in (4.1) is strict for all ^, then dO, is called 
strictly 0-convex. If dd'^{^) = for all ^ as in (4.1), then d^l is 0-fiat. 
Each of these conditions is a local condition on d^l. In fact: 

Lemma 4.2. Each of the three conditions in Definition 4.1 is independent of the choice of 
defining function p. In fact, ifp = up is another choice with u > on dfl, then on dQ 

dd'^{p){C) = udd^{p){C) for all tangential ^ e G{(j)) (4.2) 

Proof. Note that dd^{p){^) = udd't'{p){C) + pdd'^{u){^) + \^{VuoV p){^). Now the middle 
term drops because p = on dO,. Furthermore, Xcj^i^u o Vp)(^) = |Vp A (VmJ(/))(^) + 
IVu A (Vp_l(^)(0 = |</>(Vm a (Vp_10) + IH^P A (VwJO)- Now Vp ± span (^) implies 
VpJ^ = and, by the First Cousin Principle, that vanishes on Vp A (Vu_l^). ■ 

Corollary 4.3. Assume e A^R"^ is a caUbration. Suppose dQ is (strictly) (p-convex 
in R"^, and locally near a point p G dQ, let dVt be graphed over its tangent space by a 
function Xn = u{x') for linear coordinates {x', Xn) on R"^. Then each nearby hypersurface: 
Xn = u{x') + c is also (strictly) (j)-convex. 

The next lemma will be used to establish the main result of this section. 

Lemma 4.4. Suppose p is a smooth real-valued function defined near a point x in a cali- 
brated manifold (X, (f)), and that '0 : R — > R is smooth near p(x). Then: 

A<^(Hess,V(p))(e) = V'(p)A<^(Hess,p)(e) + |Vp|V'(p)cos2^(e) (4.3) 

where COS^ e{C) = (-PspanVp, -Pspan^)- 

Proof. First note that 

HessV'(p) = V''(p)Hessp + V'"(p)Vpo Vp, (4.4) 

and then set n = Vp/|Vp| so that Vp o Vp = |Vppn o n = jVppPgpanVp- For each 
^ e Ga:{(t))^ taking the inner product of (4.4) with Pgpan^ (orthogonal projection onto 
span^) yields (4.3) because of Lemma 1.15b. ■ 

We now come to the main result of this section. 
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Theorem 4.5. Let CI CC X be a compact domain with strictly (j)-convex boundary. Sup- 
pose S = —p is an arbitrary "distance function" for dQ, i.e., p is an arbitrary defining 
function for dfl. Then —log 5 is strictly (p-plurisubharmonic outside a compact subset of 
O. Thus, in particular, the domain O is strictly (p-convex at oo. 

Proof. Set ij{t) = -log(-t) for t < 0. Note that ij'{t) = -1/t and tp"{t) = so that 

ip'{p) — l/d and ip"{p) — 1/6^. Consequently, by Lemma 3.4, at each point x E near 
dCl, we have 

dd^{-log5m = ^dd^ipm +^-^cosH{C) (4.4) 

for all ^ e G{(j)). Note that at x e dQ, cos^ e{^) = { -Pspan vp7 -Pspang) vanishcs if and only 
if ^ is tangential to dQ. Consequently, the inequality | cos^| < e defines a fundamental 
neighborhood system for G{p,TdQ) C G{p,TX). By restriction | cos 6*1 < e defines a 
fundamental neighborhood system for G{(j)) fl G{p, TdVL) C G((/>). The hypothesis of strict 
0-convexity for dO, implies that there exists e > so that (dd'^p) >e for all 0-planes ^ 
at points of dQ with | cos 9\ < e for some e > 0. (Note that if there are no (/)-planes tangent 
to dQ at a point x, then there are no (/)-planes with | cos 9\ < e for sufficiently small e in a 
neighborhood of x.) Consequently, we have by equation (4.4) that 

ddt'i-iogsm > Ys 

near dil for all (/>-planes ^ with | cos^| < e, where 6 is defined as above with dfl replaced 
by the nearby level sets of p. 

Now choose M » so that dd'^{p){^) > —M in a neighborhood of dfl for all ^. 
Then, by (4.4) 

dd'^i-logSm > -y + ^|Vp|2cos2^. 

If I cos^l > e, this is positive in a neighborhood of dCl in Q. This proves that — log(5 is 
strictly 0-plurisubharmonic near dQ. By Corollary 3.10 the domain Q is strongly 0-convex. 
■ 

Although a defining function for a strictly ^-convex boundary may not be 0-plurisub- 
harmonic, for some applications the following may prove useful. 

Proposition 4.6. Suppose Q GG X has strictly cp-convex boundary dQ with defining 
function p. Then, for A sufficiently large, the function p = p + Ap^ is strictly (p-convex in 
a neighborhood of dfl and also a defining function for dQ. 

Proof. By Lemma 4.4 

A<^(Hessp)(e) = (l + 2^p)A<^(Hessp)(0 + 2|Vpp^cos2^(e) for all ^ e ^(0) (4.5) 

where cos"^ 9{^) = (-Pspan Vp? -Pspang)- As noted in the proof of Theorem 4.5, there exist 
e, e > so that A0(Hessp) (^) > e if | cos 9{^) \ < e, because of the strict boundary convexity. 
Therefore A<^(Hessp)(^) > (1 + 2Ap)e if ^ G G{(j)) with |cos^(^)| < e. Choose a lower 
bound —M for A<^(Hessp)(^) over all ^ e G^(0) for a neighborhood of dQ. Then by (4.5), 
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A<^(Hessp)(C) > -(1 + 2Ap)M + 2|Vp|Me2 for ^ e G{(j)) with |cos^(OI > e. For A 
suflBciently large, the right hand side is > in some neighborhood of dO,. ■ 

One might hope for a converse to Theorem 4.5, e.g., if the domain is (/(-convex then 
the boundary is 0-convex . However, elementary examples show that this is false. 

Example . Let (f) = dx A dy in as in Example 3 of section 3. Let X denote the 
solid torus obtained by rotating the disk {{y,z) : y'^ -\- {z ~ R)^ < r^} about the y-axis. 
Since each slice has no holes in R"^, the domain X is ^-convex (cf. Example 3 of §3). 
However, the boundary torus dX is 0-convex if and only if 2r < R. This follows from an 
elementary calculation which uses the obvious defining function and Definition 4.1 (or by 
using Proposition 4.12 below) 

Question 4.7. For which strictly convex calibrated manifolds is it true that (fhconvex 
subdomains have (^-convex boundaries? More generally, when is the 0-convexity of a 
domain a local condition at the boundary? 

A weak partial converse to Theorem 4.4 is given by the following. 

Proposition 4.8. Suppose the calibration is parallel, and set S = dist(«, dQ). If -\ogS is 

strictly (f)-plurisubharmonic near dQ, then dQ is (p-convex . 

Note 4.9. Examples show that the strict convexity of — log^ near dQ is stronger than 
(/(-convexity for dQ. 

Proof. Set p — —S on Q near dQ. Suppose that dQ is not (/(-convex. Then there exist 
X G dQ and G Gx{4>) with span 

(0 C Tx{dQ) and {dd'^p){^x) < 0. Let 7 denote the 
geodesic segment in Q which emanates orthogonally from dQ at x. Since S is the distance 
function, 7 is an integral curve of VS. Let ^y, y & ^ denote the parallel translation of 
along 7. Then is a 0-plane with span (^y) ± Vp for all y. By formula (4.4), siince 
cos9{^y) = 0, we have 

dd^{-\og6){Q = ]dd'f>{p){Q < 

for all y sufficiently close to x. Hence, — log(5 is not 0-plurisubharmonic near dQ. ■ 

The (/(-convexity of a boundary can be equivalently defined in terms of its second 
fundamental form. Note that if M C X is a smooth hypersurface with a chosen unit 
normal field n we have a quadratic form // defined on TM by 

IIiV,W) = {Bv,w,n) 

where B denotes the second fundamental form of M discussed in §1. For example, when 
H = S'^~^{r) C R"^ is the euclidean sphere of radius r, oriented by the outward-pointing 
unit normal, we find that II{V,W) = — W). 

For the sake of completeness we include a proof of the following standard fact. 

Lemma 4.10. Suppose p is a defining function for Q and let II denote the second funda- 
mental form of the hypersurface dQ oriented by the outward-pointing normal. Then 

Hess p I = -\Vp\II 
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Proof. Suppose e is a tangent field on dQ. Extend e to a vector field tangent to the level 
sets of p. By definition II{e,e) — (Vee,n) where n = Vp/|Vp| is the outward normal. 
Then (Hessp)(e,e) = e(ep) - (Vee)p = -(Vee)p = -(VeC, Vp) = -|Vp|(Vee, n). ■ 

Remark . Recall that a defining function p for O satisfies ||Vp|| = 1 in a neighborhood of 
do. if and only if p is the signed distance to 90 (< in O and > outside of O). In fact 
any function p with || Vp|| = 1 in a riemannian manifold is, up to an additive constant, the 
distance function to (any) one of its level sets. In this case it is easy to see that 

Hess, = (4.6) 

where // denotes the second fundamental form of the hypersurface H = {p = p{x)} with 
respect to the normal n — Vp and the blocking in (3) is with respect to the splitting 
Tj:X = span (ux) (BT^H. For example let p(x) = ||a;|| = r in R"^. Then direct calculation 
shows that Hess^ — ^{I — x o x) where x = x/r. 

Corollary 4.11. For all tangential ^ e G{(j)) 

(dd^pm = -||Vp||tre//. 



Proof. Apply Lemma 1.10. ■ 

As an immediate consequence we have 

Proposition 4.12. Let Q (Z X be a domain with smooth boundary dQ oriented by the 
outward-pointing normal. Then dVt is (p-convex if and only if its second fundamental form 
satisfies 

ti^II < 

for all 4>-planes ^ which are tangent to dfl. This can be expressed more geometrically by 
saying that 

tr must be inward — pointing 

for all tangential (p-planes ^. 
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5. Positive Currents in Calibrated Geometries. 



The important classical notion of a positive current on a complex manifold has an 
analogue on any calibrated manifold. This concept was introduced in section II of [HL3]. 
We begin this Section by reviewing that material with some of the terminology and notation 
updated. 

On a calibrated manifold {X, (p) we have: 

a) (/)-submanifolds, 

b) rectifiable (/>-cur rents, and 

c) (/)-positive (or A_|_((/))-positive) currents. 

A 0-submanifold is, of course, a smooth oriented submanifold M whose oriented tan- 
gent space is a 0-plane at every point, i.e., = '^xM e G((f)) for all x e M. 

Suppose T is a locally rectifiable p-dimensional current ([F]) on X. Then its general- 
ized tangent space is a unit simple vector G G{p, TX) at ||T|| almost every point, where 
||T|| denotes the generalized volume measure associated with T. 

Definition 5.1. A rectifiable ^-current is a locally recitifiable current T with T' e G{(f)) 
for ||T||- a.a. points in X. A 0-cycle is a rectifiable 0-current which is d-closed. 

Remark 5.2. We shall see below (Theorem 5.9) that 0-cycles always have a particularly 
nice local structure. The strongest result of this kind occurs in the Kahler case (where 
(p = ujP /p\) where a theorem of J. King [K] states that each (/)-cycle is a positive holomorphic 
cycle, i.e., a locally finite sum of p-dimensional complex analytic subvarieties with positive 
integer coefficients. On a general calibrated manifold {X, (p) one can also consider d-closed 
recitifiable currents T with ±1^ e G{(j)) for ||T||-a.a. points. In the Kahler case T must 
be a holomorphic chain by a theorem of Harvey- Shiffman [HS], [S]. However, nothing is 
known about the structure of such currents for any of the other standard calibrations. 

An understanding of the definition of a (/>-positive current is a little more complicated. 

Recall (Federer [F]) that a current T is representable by integration if T has mea- 
sure coefficients when expressed as a generalized differential form. Equivalently, the mass 
norm Mk{T) of T on each compact set K, is finite. Associated with such a current T is 
a Radon measure ||T|| and a generalized tangent space I^^; £ ApT^X defined for ||T|| a. 
a. points x. Recall that each ^ has mass norm one. For any p-form a with compact 



Definition 5.3. At each point a; e X let A(0) denote the span of (^(0) c ApTX, and let 



denote the convex cone on G{(f)) with vertex the origin. The p-vectors ^ e A+(0) will be 
called A+(0)-positive. 

Note that A+(0) is just the cone on chG(0), the convex hull of the Grassmannian. 



support 




(5.1) 



A+(0) c A(0) 



36 



The following Lemma is needed for a robust understanding of the definition of a 
0-positive current. 

Lemma 5.4. The following conditions are equivalent: 

1) ^eA+{(f)) \\T\\-a.e. 

2) "fediGicj)) \\T\\-a.e. 

3) (t)(f) = 1 llT'll-a.e. 

The proof is provided later. 

Definition 5.5. A 0-positive current is a p-dimensional current T which is representable 
by integration and for which the equivalent conditions of Lemma 5.4 are satisfied. 

Proposition 5.6. Suppose T is a compactly supported p-dimensional current which is 
representable by integration. Then 

T{(f)) < M{T) 

with equality if and only ifT is a (p-positive current. 

Consequently, any (p-positive current Tq with compact support is homologically mass- 
minimizing, i.e., 

M{To) < M{T) (5.2) 

for any T = Tq + dS where S is a {p -\- 1) dimension current with compact support. Fur- 
thermore, equality holds in (5.2) if and only ifT is also (j)-positive. 

Proof. Note that T{(j)) = J (l){'f)d\\T\\ < J \\T\\ = M{T) since (f)(f) < ||(^||*||T|| = 1. 
Equality occurs if and only if (pijf ) = 1 (||r||-a.e.). This is Condition 3) in Lemma 5.4. 
The second assertion follows from the fact that To(</)) = T ((/>). ■ 

The reader may note that only Condition 3) of 5.4 was used in this proof. However, 
it is Conditions 1) and 2) which give a genuine understanding of 0-positive currents. 
The fact that 

M(T) = T(0) = j 4>(^)d\\T\\ (5.3) 

for all 0-positive currents T, has important implications. 

Deep results in geometric measure theory have important applications here. 

Theorem 5.7. Fix a compact set K C X and a constant c > 0. Then the set V{(j), K, c) of 
(p-positive currents T with M{T) < c and supp(T) C K is compact in the weak topology. 

Proof. Proposition 5.6 easily implies that a weak limit of 0-positive currents is (;i!)-positive. 
The result then follows from standard compactness theorems for measures. ■ 

Theorem 5.8. Fix a compact set K C X and a constant c > 0. Then the set TZ{(f), K, c) of 
rectihable (p-currents T with M{T) < c and supp(T) C K is compact in the weak topology. 
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Proof. This follows from Proposition 5.6 and the Federer-Fleming weak compactness the- 
orem for rectifiable currents [FF] , [F] . ■ 

Theorem 5.9. Let T be a (f)-cycle on X. Then there is a closed subset S c supp(r) of 
HausdorfF dimension p — 2 such that M = supp(T) — E is a (f)-submanifold of X and 

T = ^nfc[Mfc] 

k 

where the Uk's are positive integers and the Mk's are the connected components of M. 
Proof. This is a direct consequence of Almgren's big regularity theorem [A] . ■ 

We now present a dual characterization of (/)-positive currents which will prove useful 
in the next two sections. 

Let A"'"((/)) C A^V denote the polar cone of A_|_((/)) C ApV. By definition this is the 
set of CK e A^F such that q;(^) > for all ^ e A_|_(0), or equivalently, 

A+((f,) = {ae A^V : a{^) > for all ^ e 0(4))}. 

A p-form a G A^V is said to be A"'"(0)-positive if a G A"*" (</>), and strictly A"*" ((/>)- 
positive if ct(^) > for all ^ G G{(p) (or equivalently, a belongs to the interior of A~^{(p)). 

Remark 5.10. Note that cp itself is strictly A+ ((/))-positive, i.e., an interior point of the 
cone A~^{(p) C A^V. If a closed convex cone has one interior point, then there exists a 
basis for the vector space consisting of interior points. Consequently, A^V has a basis of 
strictly A+ ((/))-positive p-forms. 

If (X, (j)) is a calibrated manifold, the considerations and definitions above apply to 
the tangent space V = TxX at each point x E X. 

Definition 5.11. A smooth p-form a on X is A+((/))-positive (strictly A+((/))-positive) 
if a is A""" (0)-positive (strictly A""" ((;i!))-positive) at each point x E X. 

Definition 5.12. A (twisted) current T of dimension p is said to be A_|_((/))-positive if 

T{a) > 

for all A"*" ((/))-positive p-forms a with compact support. 

Theorem 5.13. A current T is A+(0) -positive if and only if it is 4>-positive. 

This result is proven in [HL3, Prop. A. 2 and Remark on page 83]. However, for the 
sake of completeness we include a proof. 

Proof. First assume that T is representable by integration. Then employing (5.1) T is 
A-(-(0)-positive if and only if 

Tiga) = J ga(f)d\\T\\ > 
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for all functions > and all compactly supported A+ (0)-positive p-forms a. Equivalently, 
each measure q;(2^)||T|| is > for the same set of p-forms. In turn, this is equivalent to 



a 



(f) > ||T||-a.e. 



for all compactly supported A""" ((^)-positive p-forms. Finally, by the Bipolar Theorem [S] 
this last condition is equivalent to the Condition 1) in the Lemma 5.4. 

It remains to prove that if T is A_|_(0)-positive, then T is representable by integration. 
For this we may assume that T has compact support in a small neighborhood U oi X, and 
by Remark 5.10, we may choose a frame ai, ...,aN of smooth p-forms which are strictly 
A+(0) -positive on U. Let ^i, ...,$,n denote the dual frame of p- vector fields, i.e., {ai,$,j) = 
6ij on U. Every such current T has a unique representation as T = X^^i '^j^j with uj G V 
a distribution defined by Uj{f) = T{faj) for all test functions /. (Note that a = fjC(j 

implies that T{a) = J2jT{fj^j) = Ej«i(/i) = (T^j fi^i) = (Ej 

Since T is A+((;z!))-positive, each Uj satisfies 

Ujif) > for aU / > 0. 

By the Riesz Representation Theorem this proves that each uj is a measure. Therefore 
T = Uj^j is representable by integration. ■ 

Now we give the proof of Lemma 5.4. As before e A^V is a calibration. Let K denote 
the unit mass ball in ApV, that is, the convex hull of the Grassmannian G{p, V) C ApV. 

Lemma 5.14. 

chG{(f>) = {(l)=l}ndK = A+(0)naK 

Proof. Note that: 

a) chG{(p) C {(p = l} since G'((/)) C = 1}. 

b) chG'((/)) C K since G{(l)) cG{p,V). 

c) K n {(/) = 1} = ax n {(/) = 1} since K C {(f) < 1}. 

Hence, chG((/)) C {(/> = 1} n dK. 

Conversely, suppose 0(^) = 1 and ||^|| = 1. Since ^ E K, 

^ = ^Aj^j with each e G{p,V), each A > 0, and ^Aj = 1. 

j j 

Hence, 1 = (/)(^) = EAj</'(Cj) ^ EAj = 1 forcing each </>(^j) = 1 and therefore each 
^jeGi<p). 

We have shown chG{(/}) C dK, and by definition, ch G{(j)) C A+ ((/>). Suppose ^ G 
dK n A_|_((/)), i.e., ||^|| = 1 and there exists some A > such that A^ G ch.G{(f)). We have 
already shown that chG(0) C dK, therefore ||A^|| = 1, and hence A = 1 proving that 
^echG{cf>). m 

Corollary 5.15. Suppose ^ G ApV has mass norm \\^\\ = 1. Then ^ G A+(0) if and only 
if^{^) = 1 if and only if ^ G chG'(0). 
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This is the required restatement of Lemma 5.4 
Remark . Also note that the equation 

G(0) = G(p,V)nA+(0) (5.4) 

follows easily from Lemma 5.14. This clarifies the notion of a rectifiable 0-current. Namely, 
this proves that a rectifiable current is A_|. (0)-positive if and only if it is a rectifiable 0- 
current, and eliminates a potential conflict in terminology. 

We finish this section with a lemma and corollary that are often useful. 
A form a E A.'^{(j)) lies on the boundary of A+(0) if and only if there exists some 
C e G{(p) with a(0 = 0. 

Lemma 5.16. For any ip e AW 

- V' e bdy {A+(^)} V < 1 on (7(0) and ?/;(0 = 1 for some ^ G G(0) 

Proof. By definition e A+((/)) if and only if 0(0—0(6 = 1-V'(0 > Ofor all^ G G{(j)). 
As remarked above (j) — ip lies in the boundary of A"'"(0) iff — '0(0 — 1 ~ '0(0 = at 
some point ^. ■ 

Corollary 5.17. For each unit vector e e Jet 0e = eJ (e A 0) = where W = 
(spane)-*-. Then: 

0e G 9A+(0) if and only if e G span^ for some ^ G G(0). 

Proof. Note that 0e = eJ (e A0) = — e A (e_10) and (e A (e_10))(O = |ap where e = a + b 
with a G span^ and b ± span^. Now 0e G 5A+(0) if and only if there exists ^ G G(0) 
with |a| = 1, that is, with e = a G span^. ■ 

Remark . Both df A (V/J0) = df A d'^f and V/J (d/ A 0) = ||V/|p0 - A d"^/ take 
values A+(0) C ApT*X. Furthermore, 

1) df A d'^f G bdy {A+(0)} ^ 3 ^ G ^(0) tangential to the level sets of /. 

2) V/_l {df A 0) G bdy {A+(0)} ^ 3 ^ G ^(0) with V/ G span^. 

Note that for some calibrations, condition 2) is true for all /, i.e., given a vector n & V, 
there always exists a p- vector ^ G G(0) with n G span^. 

Appendix: The reduced 0-Hessian. 

We assume throughout this section that A(0) is a vector subbundle of ApTX, and 
we let A(0) C APT*X denote the corresponding bundle under the metric equivalence 
ApTX ^ APT*X. 

Definition 5.18. The reduced 0-hessian h''' : C°°{X) r(X,A{(j))) is defined to be 
T-f^ followed by orthogonal projection onto the subbundle A(0) C ApT*X. 
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Note that a function / is 0-pluriharmonic if and only if TC (/) = 0. 

Note also that if </> is parallel, then Ti.'^ = dd^ where d denotes the exterior derivative 
followed by orthogonal projection onto A(0). 

For most of the calibrations considered as examples in this paper, the image of the 

map : Sym2(TX) ApT*X is contained in A(0), or equivalently, = H'''. For 

reference, Ti'^ = l-L^ in the following cases. 

(1) (/) = i^jP, thepth power of the Kahler form, 

(2) (p Special Lagrangian 

(3) (f) Associative, Coassociative or Cayley 

(4) (j) the fundamental 3-form on a simple Lie group. 

Exceptions will be discussed at the end of this appendix. 
Even when Tif = Ti,'^ the following proposition is important. 

Proposition 5.19. Suppose f is a distribution on X. Then f is (f)-plurisubharmonic if and 
only ifH'^{f) = R is representable by integration and ^ e A+(0) ||i?||-a.e., that is, if and 
only ifH'^{f) is a (j)-positive current. 

The proof is similar to the proof of Theorem 5.13 and is omitted. 

Definition 5.20. The 0-Grassmannian G{(f)) involves all the variables if, for u e TX, 
the condition tt_l^ = for all ^ e implies u = 

Example . The 2- form (j) = dxi A dx2 + Xdx^ A dx4^ with |A| < 1 is a calibration on 
which involves all the variables (See Section 1), but the only ^ e is the xi.,X2 plane 

so that G{(j)) does not involve all the variables. 

Proposition 5.21. The operator Tif is overdetermined elliptic if and only if G{(f)) involves 
all the variables. 

Proof. We need only consider the case e A^V, where V is an inner product space. The 

symbol of H'^ ai u e V is u A (tt_10). Hence, the reduced operator H'^ is elliptic if and 
only if 

(-u A (ti_10))(O = V ^ e G'((/)) ^ u = 0. 

For ^ G G{p,V) and u E V, let u = a + b with a G span^ and b _L span^. Then 
{u A iu_l<P)m = <Piu A (uAO) = Hia + b)A (aJO) = + A (aJO)- If 

^ G then 0(6 A (a_l^)) = by the First Cousin Principle, and 0(^) = 1. Hence, 

{u A {uA 0)) (0 = |ap = if and only if uA ^ = 0. ■ 

One can easily reduce a calibration to the elliptic case. 

Proposition 5.22. Suppose 4> e hPV is a calibration. Define W aV by 

= f] (spanO^ 

and set ip = (f)\^. Then ip G A^W is a calibration and G{'ip) involves all the variables in 
W. Moreover, G{(j)) = G{ip) and the reduced operators Ti.^ and agree. 
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Proof. Obviously '0 is a calibration and G(V') C If ^ G (j(</')5 then span^ C W and 

hence (f){$,) = i^iC)- Thus G{4)) = G^'ip). By construction Gi^'ip) involves all the variables in 

W. Finally, for aU ^ e G'((^), we have n^{f){0 = tr^Hess/ = 7f{f){0- ■ 

Example . Let \1/ G A|j^H" be the quaternionic calibration (1.5) on H". One can show- 
that c/c/*/ = if and only if Hess/ = 0. However, 




that is, the reduced hessian is isomorphic to the quaternionic hessian 
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6. Duval- Sibony Duality. 

In this section we extend the fundamental duahty results established in [DS] in the 
complex case to calibrated manifolds (X, 0) . The Duval-Sibony duality results involve 
plurisubharmonic functions, pseudoconvex hulls, positive currents and Poisson-Jensen for- 
mulas. 

Definition 6.1. Suppose R is a {p — l)-dimensional current on X. The operator is 
defined by 

{d^R){f) = R{d^f) 

for all /gC-(X). 

In other words, : V'p{X) — ^ V'q{X) is the formal adjoint of : £^{X) — > £p{X). 
Let d : V'^i^X) — > V'p_^{X) denote the boundary operator on currents. This is the 
formal adjoint of d : — > Ep{X) and is related to the deRham differential on currents 
by a = The formal adjoint of dd'l' : £°{X) — > £p{X) is the operator 

d^d:V'^{X) V',{X) (6.1) 

Remark . Throughout the remainder of this section we assume that {X, cf)) is a non-compact 
connected calibrated manifold. We also assume that is parallel. This assumption enables 
us to use the operator d(f)d, but it is not necessary. We leave it to the reader to verify that 
all of the results of this section extend to the case where (/> is not parallel by replacing the 
operator d^d with H^^ : V'^iX) V'q{X), the formal adjoint of : £^{X) SP{X). Of 
course, is defined by (n4,(T))[f) = T{n'^{f)) for aU / e C^ti^). 

Lemma 6.2. (The Support Lemma). Suppose K is a compact subset of X. Suppose T 
is a A_|_((^) -positive current with compact support in X. If d(j,dT is < (a non-positive 
measure) on X — K, then suppT C K U Core(X). 

Proof. Lemma 3.2 states that for each x ^ K VJ Core(X) there exists a non-negative 
plurisubharmonic function / on X which is identically zero on a neighborhood of K and 
strict at x. Since / is strict at x, there exists a small ball B about x and e > so that 
dd'^f — e(f) is A+((/>)-positive at each point in B. By equation (5.3), M{xbT) = {xbT^cP). 
Therefore, eM{xBT) = {xBT,e^) < {xsT^dd^f) < {T^dd'^f) = {d^dT, f) < 0. This 
proves that M{xbT) = and hence suppT <Z K U Core(X). ■ 

The case where K = is a generalization of Proposition 3.12. 

Corollary 6.3. If T is a A_|_((/)) -positive current with compact support and d^dT < 0, 
then 

suppT C Core(X). 

When Core(X) = we have 

Corollary 6.4. Suppose (X, (p) is strictly convex and K is 4>-convex. Suppose T is A_|_ ((/>)- 
positive with compact support. If supp{5<^9r} C K, then supp T C K. In particular, there 
are no A+{(f))-positive currents which are compactly supported without boundary on X. 
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Suppose M = M U dM is a compact oriented sub manifold with boundary in X, and 
that M has no compact components. Let Gx denote the Green's function for (M, dM) 
with singularity at x e M. Let Hx denote harmonic measure (i.e., the Poisson kernel) on 
dM and let [x] denote the point-mass measure at a; e M. Then 

*m^mGx = fJ'x- [x] on M. (6.2) 

If M is a 0-submanifold of a calibrated manifold {X, 0) , this equation can be refor- 
mulated as a current 5,^5-equation on X. 

Lemma 6.5. Suppose M is a (l)-submanifold of X, and that u e X>'°(M) is a generalized 
function on M. Then 

d^d{u[M]) = (*mAmw)[M]. 

Proof. Consider the inclusion map i : M ^ X. Then, by definition, u[M] = i^u and 
{*m^mu)[M] = i^{*M^Mu)- For any test function / on X we have {{d(j)d){i^u), f) = 
{i^^Uj dd'^f) = (w, i* {dd^ f)) M where (■, •)m denotes the pairing of functions with currents 
on M. Proposition 1.13 states that i*{dd'^f) — *m^m{}* f) if M is a 0-submanifold. 
Finally, (m, *mAm («*/)) M = {*M^MU,i*f)M = {i^{*M^Mu), f)x- ■ 

Corollary 6.6. Suppose M — M U dM, as above, is a (p-submanifold with boundary. 
Then 

d^diGx[M]) = fix- [x] 

as a current equation on X. 

Assume K is a compact subset of X, and let JAk denote the set of probability 
measures with support in K. 

Definition 6.7. If Tx is a A_|_((/))-positive current with compact support and Tx satisfies: 

d^dTx = iix-[x] (6.3) 

with fix e -Mr -I then: Tx is a Green's current for (K^x), Hx is a Poisson-Jensen 
measure for {K,x), and the equation (6.3) is the Poisson-Jensen equation. 

Theorem 6.8. Suppose X is strictly (j)-convex, K is a compact subset of X, and x & X — K. 
Then there exists a Green's current Tx for [K, x) if and only if x E K. 

To prove this we begin with the following. 

Proposition 6.9. Suppose {X, (p) is non-compact calibrated manifold. If there exists a 
Green's current for {K, x), then x G K. 

Proof. This follows immediately from Lemma 6.2 since x e suppT^;. ■ 

Second Proof. Since d^dTx = f^x — [x]-, we have J fnx — f{x) — (Txidd'^f) for all 
/ e C°°{X). If / is 0-plurisubharmonic , this implies that f{x) < J fjix < sup^^ /, 
since jix £ M.K- Thus x & K. ■ 
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The set Vx = VS'H{X^(f)) C C°°(X) of all 0-plurisubliarmonic -functions on X is 
clearly a closed convex cone in C°°{X). Let 

Cx = {ue P^_cpt(X) lu^d^dT for some A+((/)) -positive T e V'p^^p^{X)}. (6.4) 

This is a convex cone in Dq pp^.(X). 

Lemma 6.10. Suppose X is non-compact with calibration (f). Then V is the polar of C, 
that is, 

r = = {feC°°{X) : {u,f)>0 yueC}. 

Proof. Consider u = d^d{6^i), with i G G^{4>). Clearly ueC. If / G C^{X) belongs to 
thenO<K/)-(a^a(5,0,/) = {5^i,dd^f) = (dd^ fUO ■ iience C V . 
Conversely, if / G P, then for all ueC, {u, f) = [d^dT, f) - (T, dd^^f) > 0, since 

T is A+(0)-positive. This proves that V QC^. m 

Lemma 6.11. If X is strictly (j)-convex, then the convex cone C C Po,cpt(^) closed. 

Proof. It suffices to show that C HPq closed for an exhaustive family of compact 

subsets K <Z X. We may assume K is 0-convex. Suppose Uj converges to u in CHDq p^{X) 
with each Uj G C, i.e., Uj = d^dTj where Tj is a A4. (</))-positive current with compact 
support. By Corollary 6.4 the support of each Tj is contained in K. Consider a strictly 
(/)-plurisubharmonic function / on X. Pick e > so that dd^ f — ecp is A+(0)-positive at 
each point of Then eM(rj) = (Tj,e(^) < (Tj.dd^f) = (d^dTjJ) = (ujj) 
which converges to {u,f). Therefore the masses M{Tj) are bounded. By compactness 
there exists a weakly convergent subsequence Tj — > T. Now supp T C K and T must be 
A+(0)-positive. Hence u = d^dT G CnV'Q j^{X). This proves that CnP^ ^^(X) is closed 
for each compact set K which is 0-convex. ■ 

Corollary 6.12. Suppose X is strictly (f)-convex. Then 

C = V°. 

Equivalently, the equation 

d^^dT = u 

has a solution T which is a A+{(f))-positive current with compact support if and only if 

< u(f) for all f eVSn{X,^) 

Proof. Apply the Bipolar Theorem. ■ 

Proof of Theorem 6.8. Suppose there does not exist a Green's current for (K, a;), that 
is, suppose Mk — [x] is disjoint from the cone C. By the Hahn-Banach Theorem (note 
that Mk — [x] is a compact convex set) there exist f E = V with /, considered as a 
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linear functional on Dq ^.p^(X), satisfying u{f) < — e < for all u e (Mk — [x])- That is, 
J fdiJ, — f{x) < — e < for all /j, e M.k- Consequently, 



sup/ = sup / fdn < f{x)-€ 



or sup^ / + e < f{x) so that x ^ K. m 

One could define the "Poisson- Jensen hull" of a compact set K to be the set of points 
X for which there exists a Poisson- Jensen measure and a Green's current T^^ satisfying 
(6.3). Then Proposition 6.9 states that on any (non-compact) calibrated manifold {X, 0), 
the Poisson-Jensen hull of a compact set is contained in the (/>-plurisubharmonic hull, while 
Theorem 6.8 states that the two hulls are equal if {X, 0) is strictly convex. 

The next "hull" obviously contains the Poisson-Jensen hull. 

Definition 6.13. The current hull of a compact subset K (Z X is the union 

K = [j suppT 

TeV{K) 

where V{K) consists of all A-|-(0)-positive currents with compact support on X satisfying 
d^dT < on X - 

Lemma 6.14. If {X, 0) is strictly (f)-convex, then K = K. 
Proof. The support Lemma 6.2 states that 

k C ^UCore(X). 

for any calibrated manifold. Now K contains the Poisson-Jensen hull which equals K if 
(X, <p) is strictly ^-convex by Theorem 5.8. ■ 
Suppose (X, (j)) is non-compact and connected. 

Definition 6.15. An open subset c X is 0-convex relative to X ii K dd Vt implies 
kx CC O. 

Note that if X is (/)-convex this condition implies that Vt is (/)-convex since Kq, C Kx- 
Moreover, if X is strictly 0-convex , then Core(f2) C Core(X) is empty so that is strictly 
0-convex (by Proposition 2.13). 

Proposition 6.16. Suppose {X,(f)) is strictly ^-convex . An open subset fi°P''° c X is 
(j)-convex relative to X if and only if VSH{X, (f)) is dense in VS'H{Q,, (j)). 

Proof. Let L : C°°{X) C°°(0) denote restriction. The adjoint L* : Po,cpt(^^) ^ 
V'q^^^^{Q) is inclusion. Suppose v e (L*)-i(Cx). i.e., v e VQ^^^^ifl) with v = d^dT for 
some A_|_((^)-positive current T compactly supported in X. Then K = suppf satisfies 
Kx = Kx by Lemma 6.14. Hence, Kx C O implies suppv C or that v e Cq. This 
proves that Q is 0-convex relative to X if and only if 

(L*)-i(Cx) = Cn. (6.5) 
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By Corollary 6.12 we may replace Cx by V^x = Cx- In general, [L{Vx)? = {L*)-'^{VSc), 
so that (6.5) is equivalent to 

[L(Px)]° = Co. (6.6) 
By Lemma 6.10, Vn = Cq. Hence (6.6) is equivalent to 

L(V^ = Vn (6.7) 



7. (p-Yree Submanifolds 

Suppose {X, (f)) is a calibrated manifold. A plane ^ is said to be tangential to a 
submanifold M if span^ C TxM. 

Definition 7.1. A closed submanifold M c X is (p-free if there are no (/)-planes ^ G G{(p) 
which are tangential to M. If the restriction of the calibration to M vanishes, M is 
called (j)-isotropic. 

Note that (j^isotropic submanifolds are 0-free . Each submanifold of dimension strictly 
less than the degree of is 0-isotropic and hence automatically 0-free . Furthermore, in 
dimension p the generic local submanifold is 0-free . Depending on the geometry, this 
may continue through a range of dimensions greater than p. 

Theorem 7.2. Suppose M is a closed submanifold of (X, cj)) and let fnix) = |dist(x, M)^ 
denote half the square of the distance to M . Then M is (p-free if and only if the function 
fu is strictly (p-plurisubharmonic at each point in M (and hence in a neighborhood of 
M). 

Proof. Wc begin with the following. 

Lemma 7.3. Fix x E M and let Pn : T^X N denote orthogonal projection onto the 
normal plane of M at x. Then for each ^ e C(0) one has 



Proof. By Lemma 1.15b) 



{A<^(Hess,/M)}(e) = {Pn,P^) 



Ressf{V,W) = {V,Vw{Vf)) 



(7.1) 

(7.2) 
(7.3) 
(7.4) 



{A^(Hess,/)}(e) = (Hess,/,P4) 
for any function /. The lemma then follows from the assertion that 

Hessa;/M = Pn- 

To see this we first note that the Hessian of any function / can be written 
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for all V,W e T^X. It follows that if V/ = on the submanifold M, then T^M C 
Null(HesSa;/). Thus, with respect to the decomposition T^X = T^M ® N we have 

HeSSa;/M = 

and it remains to show that A is the identity. To see this, set 6{x) = dist(x,M) and note 
that V5 = n is a smooth unit-length vector field near (but not on) M whose integral curves 
are geodesies emanating from M. Hence, 

Vn(V/M) = Vn(V^52) = V„(5n) = n + 5Vnn = n. 

Taking limits along normal geodesies down to M gives the result. ■ 
Theorem 7.2 now follows from the fact that 

{Pn.Pc) > with equality iff span^ C iV^ = T^M. 

■ 

The existence of 0-free submanifolds insures the existence of lots of strictly 0-convex 
domains in {X, (p). 

Theorem 7.4. Suppose M is a (j)-free submanifold of (X, 0). Then there exists a funda- 
mental neighborhood system J-'{M) of M such that: 

(a) M is a deformation retract of each U G J-'{M). 

(b) Each neighborhood U G T{M) is strictly (f)-convex . 

(c) VSn{V, (p) is dense in VSn{V, <p) ifU CV and V,U e T{M). 

(d) Each compact set K G M is 'PS1-L{U^ (p)-convex for each U G JF(M). 

Proof. We construct tubular neighborhoods of M as follows. Let e G C°°(M) be a 
smooth function which vanishes at infinity and has the property that for each x E M the 
ball {y e X : |dist(y, x)^ < e{x)} is compact and geodesically convex. Assume also that e 
is sufficiently small so that the exponential map gives a diffeomorphism 

exp:iVe — > Ue 

from the open set in the normal bundle N defined by ^||na;|p < e{x) to the neighborhood 

= [xeX: fM{x) < e{x)}. (7.5) 

of M in X. Each 17^ admits a deformation retraction onto M. 

By Theorem 7.2 the function /m = |dist(-,M)^ is strictly 0-plurisubharmonic on a 
neighborhood of M, which we can assume to be W. We impose the following additional 
condition on the function e G C°°{W). 

/m — te is strictly — plurisubharmonic on for < t < 1. (7.6) 
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Since (7.6) is valid as long as e and its first and second derivatives vanish sufficiently fast 
at infinity, it is easy to see that the family JF(M) of neighborhoods constructed above 
with e satisfying (7.6) is a fundamental neighborhood system for M. 

Obviously, the function '0 = (e — fM)~^ is a proper exhaustion for Ue- To prove (b), 
recall that if ^ is a positive concave function, then 1/^ is convex, or more directly, calculate 
that 

HessV' = V'Hess(/M-e) + V'V(e-/M)oV(e-/M). (7.7) 

Applying A,^ to (7.7) proves that ip is strictly 0-plurisubharmonic on {ip > 0} = U^. 

To prove parts (c) and (d) one uses Proposition 6.16 and argues exactly as on page 
302 of[HWi]. ■ 

Example 7.5. As mentioned above. Theorem 7.4 exhibits a rich family of (/)-convex do- 
mains in (X, (/)). For example, let M C X be any submanifold of dimension < p = degcj). 
Then by 7.4, M has a fundamental system of neighborhoods each of which is a strictly 
0-convex domain homotopy equivalent to M. 

Example 7.6. Interesting examples occur in all the calibrated geometries examined in 
depth in [HL3]. Suppose for instance that X is a Calabi-Yau manifold with special La- 
grangian calibration (p. Then any complex submanifold Y <Z X is (p-free . It follows that 
any smooth submanifold of Y is also ^-free . 

We now consider the following two classes of subsets of (X, (p). 

(1) Closed subsets A of 0-free submanifolds. 

(2) Zero sets of non-negative strictly ^-plurisubharmonic functions /. 

These two classes are basically the same, as described in the following two propositions. 

Proposition 7.7. Suppose A is a closed subset of a (p-free submanifold M of X. Then 
there exists a non-negative function f e C°°(X) with 

(a) A = {x e X : f{x) = 0} 

(b) f is strictly (p-plurisubharmonic at each point in M (and hence in a neighborhood 
ofM in X). 

Proof. Since M is a closed submanifold, the function J'm in Theorem 7.2 can be extended 
to h E C°°(X) which agrees with /m in a neighborhood of M and satisfies 

h>0 and {h = 0} = M. 

Choose ip e C°°(X) with ip > amd A = {x e X : ip ^ 0}. Now choose e G C°°(X) 
with e(x) > for all x E X, and with e and its derivatives sufficiently small so that 
f = h + eip is strictly (^-plurisubharmonic on M. ■ 

Proposition 7.8. Suppose f G C°°(X) is a non-negative function which is strictly (p- 
plurisubharmonic at each point in A = {x G X : f{x) — 0}. Given a point x E A 
there exists a neighborhood U of x and a proper (p-free submanifold M of U such that 

Anu gm. 
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Proof. Given xeAwe may choose geodesic normal coordinates (z, y) in a neighborhood 
U at a; so that 

Hess,/ = (o a) (^-^^ 

where A is the diagonal matrix diag{Ai, Aj.}, r is the rank of HesSj;/, and \j ^ for 
j = l,...,r. Set 

1^ dyi dyr J 

Since V^-,...,V^- are linearly independent at x, M is a, codimension r submanifold 
locally near x. 

Note that ker(Hess2:/) = T^M. It remains to show that ker(Hess2:/) is totally real, 
since if M is (/)-free at x, then M is 0-free in a neighborhood of x. This is proved in 
Lemma 7.9 below. ■ 

Lemma 7.9. Suppose f is strictly (j)-plurisuhharmonic at x E X. Then ker(HesSa;/) C T^X 
is (j)-free . 

Proof. If ker(HesSa;/) C T^X is not (f)-h:ee , there exists ^ e G{(j)) with (HesSa;/)^^^^ = 0. 
Consequently, dd'^f{^) = A<^(HesSa;/)(^) = tr^(HesSa;/) = 0, and / is not strict at x. ■ 

Remark 7.10. Parts (b), (c) and (d) of Theorem 7.4 can be generalized as follows. Suppose 
M = {/ = 0} is the zero set of a non-negative strictly (/»-plurisubharmonic function / on 
{X, (p). Then there exists a fundamental neighborhood system J-'{M) of M satisfying (b), 
(c) and (d) of Theorem 7.4. The neighborhoods G J-'{M) are defined hj = {x E X : 
f{x) < e{x)} where e > is a C°° function on X vanishing at infinity along with its first 
and second derivatives so that / — e remains strictly 0-plurisubharmonic . The proofs of 
(b), (c) and (d) are essentially the same as in Theorem 7.4. 

We conclude with a the following general observation. 

Proposition 7.11. Let M be a submanifold of {X, (p) and f a smooth function defined on 
a neighborhood of M such that: 

(1) V/ = on M, and 

(2) f is strictly (p-plurisubharmonic at all points of M. 
Then M is cp-free . 

Proof. By (7.4) we see that TM C ker(Hess/) at all points of M. We then apply Lemma 
7.9. ■ 

Corollary 7.12. Let f be a non-negative, real analytic function on {X,(p) and consider 
the real analytic subvariety Z = {f — 0} . If f is strictly (f)-plurisubharmonic at points of 
Z, then each stratum of Z is (j)-free . 
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8. Hodge Manifolds 



In this section we pose some highly speculative questions for calibrated manifolds in 
the spirit of those posed in the complex case (cf. [HK, p. 58], [L4^5]). Assume that (X, 0) 
is a compact calibrated n-manifold with a parallel calibration of degree p. Let 



denote the dual calibration. Note that a 0-submanifold or, more generally, any (/)-cycle on 
X is a current of dimension p and degree n — p. By contrast a •0-submanifold or '0-cycle 
is a current of dimension n — p and degree p. Denote by Hp{X, Z) the image of the map 
HP{X,Z) HP{X, R). 

Definition 8.1. If the de Rham class of the calibration <p lies in Hp{X,Z), i.e., if has 
integral periods, then {X, (j)) will be referred to as a Hodge manifold. 

Remark . If (X, u) is a Kahler manifold, then this coincides with standard terminology. 
The Kodaira Embedding Theorem states that in this case each Hodge manifold is projective 
algebraic with Nu — [H] — da, where is a hyperplane section, N a positive integer, and 
a a current of degree 1. 

The Hodge Question (for the class of ^). Suppose (X, (^) is a Hodge manifold. When 
does there exist a *0-cycle T cohomologous to N(p for some positive integer N , i.e.. 



for some current a of degree p — 11 

Recall that a *0-cycle is automatically *0-positive, so this is, more precisely, the 
"Hodge Question with Positivity" for 0. 

Remark . If equation (8.2) (called the spark equation) has a solution, then a determines 
a differential character on X. (See [HLZ] for more details.) 

Example 8.3. In [L3] an example is constructed of a Hodge manifold (X, (j)) for which no 
such cycle exists. More specifically, a parallel self-dual 4-form (f) of comass 1 is constructed 
on a flat torus X of dimension 8 with the property that [0] e H^{X, R) is an integral class, 
but there exist no 0-cycles whatsoever on X. 

Example 8.4. Consider the fundamental bi-invariant 3-form on a compact simple Lie 
group G, normalized to be the generator of H^{G,Z) = Z. Then (G, O) is a Hodge 
manfiold, and R. Bryant [B] has shown that, indeed, Q is always cohomologous to a *Q- 
cycle. These *f]-cycles are always sums of singular semi-analytic subvarieties congruent to 
irreducible components of the cut- locus of the exponential map. 

For a general class in HP{X, Z) to be represented by a *(/>-cycle (or for a class in 
Hp{X,Z) = H'^~P{X,Z) to be represented by a (j)-CYc\e), there is a natural necessary 
condition coming from the Hodge decomposition. Note that since and *0 are parallel. 



if) = 



(8.1) 



N(l)-T = da 



(8.2) 
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the subspaces kx{4>) = spanG((/)) C ApT^X and A^; (*(/») = spanG(*0) c kn-pTg;X^ under 
metric equivalence TX = T*X, define parallel subbundles 

A{(f)) gApT*X and A{*(f)) C A"-pT*X 

The orthogonal projections -Pa((?!>) and Pa(*</)) onto these subbundles are parallel operators 
on forms. It was proved by Chcrn [Ch] that any such operator commutes with harmonic 
projection. Recall that the Hodge decomposition: Sp{X) = HP(X)©Image((i)©Image((i*), 
is a C°°-decomposition, and therefore induces a corresponding decomposition of currents: 
S'p{X) = Hp(X) © Image(a) © Image(a*). 

Definition 8.5. A p-dimensional current T, representable by integration, is said to be of 
type A{(p) if T^^ e A{(j)) C A^T^X for ||T||-a.a. x. 

This definition extends to arbitrary currents Tof dimension p by requiring that T{ip) = 
for all smooth p-forms such that V^lj^j-^-j = 0. 

Proposition 8.6. If a class c e Hp{X, Z) is represented by a current of type A(0), then 
the harmonic representative of c must be of type A(0). 

Proof. Any A(0)-current is fixed by the parallel bundle projection, and that projection 
commutes with the harmonic projector. ■ 

Definition 8.7. A A((/))-cycle is a d-closed, p-dimensional locally rectifiable current of 
type A(0). 

I. The Hodge Question . Suppose u G Hp{X, Z) is a class whose harmonic representative 
is of type A((/)). When does there exist an integer N and a A((/))-cycle T with T e Nc? 

Remark 8.8. Example 8.3 above gives a parallel calibration on a flat 8-dimensional torus 
Xand an integral class c e il4(X, Z) of type A{(f)) for which no such current exists. 

Remark 8.9. The Hodge Question is a direct generalization of the standard Hodge Con- 
jecture for algebraic cycles on a complex projective manifold, since we know from [HS], 
[Sh] and [Alex] that for = ui'^/pl (a; = the Kahler form), any A(0)-cycle is an algebraic 
p-cycle. 

Any locally finite integer sum of (/)-cycles is a A((/))-cycle. However, the converse is 
completely open outside of the Kahler case. Moreover, even though it holds in the Kahler 
case (cf. Remark 8.9), there is no proof of this fact by the standard methods of regularity 
in Geometric Measure Theory. 

Before trying to prove that a general A(0)-cycle is a sum of (/)-cycles, one would like 
the calibration (f) to have the algebraic property displayed in the next remark. 

Remark 8.10. Equation (5.4) says that G{p,TxX) n A+(0) = G{(t)) so that (/)-cycles and 
A_|_(0) -cycles are the same thing. Most parallel calibrations (see [HL3, p. 68]) are known 
to satisfy 

G'(p,T,X)nA(0) = G(0)U(-G'(0)). 
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In this case T is a A+(</))-cycle if and only if ±Tj; e Gx{(j)) for ||T||-a. a. x. Consequently, 

T decomposes inito T+ — T~ with both G Gx{4>), but, even in the Kahler case, one 
can not show directly that T+ and T~ are d-closed. 

There are versions of the Hodge Question involving "positivity" which may have more 
hope. For example: 

II. The Hodge Question (with positivity). Suppose c e Hp{X,Z) is a class whose 
harmonic representative is strictly A+((^)-positive. When does there exist an integer N 
and a 4>-cjcle T with T e Nc7 

Remark 8.11. If the current *(p (of dimension p) is strictly A_|_(^)-positive, then for any 
form i/j of type A((^), there exists an integer £ such that ■i/' + i{*(p) is strictly A_|_((^)- 
positive. This applies for example to the harmonic representative of c in Hodge Question 
II. Consequently, one can see that if (X, *0) is a Hodge manifold with a solution to (8.2), 
then the Hodge Questions I and H are equivalent. 

Remark 8.12. The point of Hodge Question II is that one is asking for a 0-cycle which is 
automatically A+(0)-positive and therefore satisfies the strong regularity theorem 5.9. 



9. Boundaries of 0-submanifolds. 

In this section we take up the following general question. Suppose [X, (p) is a non- 
compact strictly (/)-convex manifold. Given a compact oriented submanifold F G X of 
dimension p — 1, when does there exist a (/)-submanifold M with boundary F? More 
generally, when does there exist a A+(0)-positive current T with dT = F? 

Theorem 9.1. Suppose 4> is exact. Given S e £'p_i{X), there exists a {(f)) -positive 
current T e £^(A:) with S = dT if and only if 

a > for all a e such that da is A"*" ((/>)— positive 

Js 

Proof. Consider the following convex cones. 

A = {ae£P-'^(X) : dais A+((/)) -positive} 

B = {5e£^_i(X): S = dT for some A+{(p) -positive T e S^{X)} 
If q: e ^ and S e B, then 

S{a) = dT{a) = T{da) > 0, 

that is, 

A G B^ and Be A° 
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where denotes the polar of B. If ^ G Gx{(t)), then T = d^^ is A_|_((/»)-positive, so that 
d{S.^C) G B. Therefore, if a G 5°, then < d{5^^){a) = {5^0ida) = ida)^{^). This 
proves that B^ C A, and hence A = B^. (In particular, note that A is closed.) Theorem 
9.1 is just the statement that B — A^. Now since A — B^, the Bipolar Theorem states 
that B = A^. Thus it remains to show that B is closed. 

Suppose Sj G B and Sj — > 5 in Sp_i{X). Then Sj = dTj for some Tj which is 
A+((;6)-positive. The calibration (f) is exact, i.e., (f) = drj for some r] G Sp~^{X). Therefore 

M(T,) = TM = T,{dv) = {dT,){7j) = ^.(ry) ^(ry). 

In particular, there exists a constant C such that M(Tj) < C for all j. By Lemma 6.2 

suppTj C suppS'j 

for each j. Pick a compact subset K with supp5'-,- C K for all j. Then 

suppTj C K for all j. 

This proves that {Tj} is a precompact set m. E'piyX). Therefore, there exists a conver- 
gent subsequence Tj — > T in £!p{X). Obviously, dT = S and T is A+(0)-positive. Hence, 
SeB. ■ 

Remark 9.2. The same proof combined with the Federer- Fleming compactness theorem 
for integral currents proves the following. Let TZp{X) denote the compactly supported 
rectifiable currents of dimension p on X. Then, if is exact, the set 

Srect = {T eUp-iiX): ,S = for some A+(0) -positive T G 7^p(X)}} 

is weakly closed in TZp-i{X). 

10. 0-Flat Hypersurfaces and Functions which are 0-Pluriharmonic mod d. 

The 0-pluriharmonic functions are the closest thing to holomorphic functions on a 
calibrated manifold (X, (/>). Usually there are very few (/)-pluriharmonic functions. An 
attempt has been made in this paper to remedy this situation by emphasizing the (j)- 
plurisubharmonic functions. By comparison these functions exist in abundance. For some 
purposes another extension of the concept of 0-pluriharmonic functions is more useful — 
namely the (f)-pluriharnionic functions mod d. 

This section is, for the most part, a straightforward extension of the results of Lei Fu 
[Fu] from the special Lagrangian case to the general calibrated manifold {X, (j)) . 

Definition 10.1. A function / g C°°{X) is 0-pluriharmonic mod d if 

dd'^f = dfAaf + af (10.1) 
for some 1-form af and some p-form cr/ of type A(0)-'-, i.e., cr/(^) = for all ^ G G(0). 
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If / is 0-pluriharmonic mod d, then A/, A e R, is also 0-pluriharmonic mod d. 
However, the sum of two such functions need not be 0-pluriharmonic mod d. 

Proposition 10.2. Suppose that df never vanishes so that TC = ker df defines a hyper- 
surface fohation. The condition that f be (f)-pluriharmonic mod d is independent of the 
function defining the fohation Ti. 

Proof. Recall that locally / and g define the same foliation Ti if and only li g = x{f) 
for some function x ^ R R- ^or which x' is never zero. To prove this fact assume that 
/ = xi is a local coordinate. Since g is constant on the leaves {xi = constant}, g must be 
independent of a;2, Xn, i.e., g = xi^i)- Since dg is never zero, x' is never zero. Finally, 

dd't'g = x'if)dd^f + x"if)dfAd^f = dg A (af + ^^d^f^ + x'if)af 

which proves that if / is 0-pluriharmonic mod d, then g = xif) is also. ■ 

Proposition 10.3. If f is (f)-pluriharnionic mod d, then each (non-critical) hypersurface 
{/ = C} is 4)-fiat. 

Proof. Suppose i e Gicp) is tangent to {/ = C}, i.e., V/J^ = 0. Then = 
(df A Q!/)(^) + Since u/ is of type A(0)-'-, we have cr/(^) = 0, and (df A Q;/)(^) = 

a/(V/Je) = 0. ■ 

Recall from Proposition 1.13 that for any / e C°° and any (/)-submanifold M, we have 
{dd^f-dfAaf)\^ = *m(Am/)-</L)A«/|^. (10.2) 

This proves 

Proposition 10.4. If f is cjy-pluriharmonic mod d and M is a (j)-suhmanifold, then u = f\j^ 
satisfies the partial differential equation 

Amu = *{duA(3) on M (10.3) 



where (3 = aA 

The maximum principle is applicable to solutions to (10.3). See for instance [BJS]. 

Corollary 10.5. Suppose (M, F) is a compact (f)-submanifold with boundary. Then for 
each function f which is (f)-pluriharmonic mod d and each point x e M, one has 

inf <f{x) < sup/ (10.4) 
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Corollary 10.6. Suppose (M, F) is as above. If F c {/ = C}, then M c {/ = C}. 

Proposition 10.7. Suppose (M, F) is a compact (f)-submanifold with boundary, and sup- 
pose f is a function on X which is (p-pluriharmonic mod d. If f is constant on F, then 

d^^fl^ = (pointwise). (10.5) 
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Proof. By Corollary 10.6, / is constant on M. We then apply the following. 
Lemma 10.8. For any function f constant on M, d'^f\^ = 0. 

Proof. At a; G r, we have for some e tangent to M. Since / is constant 

on M, V/ ± spaniH. Now {d't'f)(f) = ( V/ J 0) (e J ill) = 0((V/) A (e_lM)) = since 
V/ A (e_l is a first cousin ofI^eG{(f)). mm 

Our next objective is to show that, for the large class of normal calibrations, a function 
/ is 0-pluriharmonic mod d if and only if its level sets are (p-Qai. 

Suppose G A^V is a calibration on a euclidean vector space V. For each hyperplane 
C V, G A^W has comass < 1 and, in fact, < 1 if and only if is empty. 

Definition 10.9. The calibration G A^F is normal if, for every hyperplane W <Z V 

A{cf>\J^ =A(0)^| 



as subspaces of A^W. A calibration on a manifold X is normal if (f)x G A^T^X is normal 
for each x e X. 

Proposition 10.10. Suppose is a normal calibration on X, and f G C°°{X) has a 
never-vanishing gradient. Then 

f is (f)-pluriharmonic mod d 

if and only if 

each level set {f = C} is (f)-fiat. 

Proof. Suppose each level set {f = C} is 0-flat. That is 

(cicZ'^/)(0 = foT all ^ e G((j)) which are tangential to {/ = C}. (10.6) 

Note that at a point x E X, G((/)|^) = G G((/>) : C is tangential to W}. Let W = ker df. 
Then (10.6) is equivalent to 

dd'^f\^eA{<f>\J^ (10.7) 
Now / is 0-pluriharmonic mod d if 

dd'^f = df Aaf +af cx/ G A((/))^ (10.8) 

or equivalently 

dd'^f\^eA{<p)^\^ (10.9) 

If (j) is normal, then 



A{<p\J^cA{<i>y 



and (10.7) implies (10.9). 

Proposition 10.11. The following calibrations are normal. 

1. A Kahler or pth power Kahler calibration. 

2. A Special Lagrangian calibration. 

3. An associative, coassociative or Cayley calibration. 

4. A quaternionic calibration. 
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